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Abstract 

We consider all 1/2 BPS excitations of AdS x S configurations in both type 
IIB string theory and M-theory. In the dual field theories these excitations are 
described by free fermions. Configurations which are dual to arbitrary droplets of 
free fermions in phase space correspond to smooth geometries with no horizons. In 
fact, the ten dimensional geometry contains a special two dimensional plane which 
can be identified with the phase space of the free fermion system. The topology of 
the resulting geometries depends only on the topology of the collection of droplets 
on this plane. These solutions also give a very explicit realization of the geometric 
transitions between branes and fluxes. We also describe all 1/2 BPS excitations of 
plane wave geometries. The problem of finding the explicit geometries is reduced to 
solving a Laplace (or Toda) equation with simple boundary conditions. We present 
a large class of explicit solutions. In addition, we are led to a rather general class of 
AdS^ compactifications of M-theory preserving M = 2 superconformal symmetry. 
We also find smooth geometries that correspond to various vacua of the maximally 
supersymmetric mass-deformed M2 brane theory. Finally, we present a smooth 
1/2 BPS solution of seven dimensional gauged supergravity corresponding to a 
condensate of one of the charged scalars. 
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1 Introduction 

In this paper we consider a class of 1/2 BPS states that arises very naturally in the study 
of the AdS/CFT correspondence for maximally supersymmetric theories. These states 
are associated to chiral primary operators with conformal weight A = J, where J is a 
particular U{1) charge in the R-symmetry group. For small excitation energies J N 
these BPS states correspond to particular gravity modes propagating in the bulk Ij. As 
one increases the excitation energy so that J ~ iV one finds that some of the states can 
be described as branes in the internal sphere |2| or as branes in AdS [Bj. These were 
called "giant gravitons". As we increase the excitation energy to J ~ A^^ we expect to 
find new geometries. The BPS states in question have a simple field theory description in 
terms of free fermions 4J (see also 0). In a semiclassical limit we can characterize these 
states by giving the regions, or "droplets" , in phase space occupied by the fermions. We 
can also picture the BPS states as fermions in a magnetic field on the lowest Landau 
level (quantum Hall problem). In this paper we study the geometries corresponding to 
these configurations. These are smooth geometries that preserve 16 of the original 32 
supersymmetries. We are able to give the general form of the solution in terms of an 
equation whose boundary conditions are specified on a particular plane. We can have two 
types of boundary conditions corresponding to either of two different spheres shrinking 
on this plane in an smooth fashion. This plane, and the corresponding regions are in 
direct correspondence with the regions in phase space that were discussed above. Once 
the occupied regions are given on this plane, the solution is determined uniquely and the 
ten (or eleven) dimensional geometry is non-singular and does not contain horizons. 

V 

(a) (b) (c) 

Figure 1: Droplets representing chiral primary states. In the field theory description 
these are droplets in phase space occupied by the fermions. In the gravity picture this 
is a particular two-plane in ten dimensions which specifies the solution uniquely. In (a) 
we see the droplet corresponding to the AdS x S ground state. In (b) we see ripples on 
the surface corresponding to gravitons in AdS x S. The separated black region is a giant 
graviton brane which wraps an S^ in AdS^ and the hole at the center is a giant graviton 
brane wrapping an S^ in S^. In (c) we see a more general state. 

The topology of the solutions is fixed by the topology of the droplets on the plane. 
The actual geometry depends on the shape of the droplets. In fact, this characterization 
is reminiscent of toric geometry. In the type IIB case we simply need to solve a Laplace 
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equation. A circular droplet gives rise to the AdS^ x solution, see figure [T] Small 
ripples on the droplet correspond to small fiuctuations corresponding to gravitons in 
AdS. A small droplet far away from the circular one corresponds to a group of D3 
branes wrapping an in AdS^. A hole inside the circle corresponds to branes wrapping 
an in S^. In the limit that the droplets become small these solutions reduce to the 
giant graviton branes that were discussed extensively in the literature [3 13 El- Some 
of our solutions smoothly interpolate between branes wrapping the sphere and branes 
wrapping AdS. We can also have solutions that correspond to new geometries which 
cannot be thought of as branes. In other words, when we put many branes together 
they back-react on the geometry and we get new geometries with new topologies that 
are determined by geometric transitions. The transition is that the sphere the branes 
are wrapping becomes contractible while the transverse sphere becomes non-contractible 
and the branes get replaced by fiux. 

From the geometrical point of view we can consider this class of BPS geometries 
and we can wonder how we quantize them. Of course, the exact description in terms of 
fermions is telling us how to do it. In the type IIB case, a two dimensional plane contained 
in the ten dimensional geometry can be identified as the phase space of free fermions. 
The quantization of the area in the phase space amounts to the quantization of fiuxes 
in the geometry. One interesting lesson is that geometries with very small topologically 
non-trivial fiuctuations, or spacetime-foam, are already included when we perform the 
usual quantization of ordinary long wavelength gravitons. 

These solutions are also interesting because they provide a relationship between free 
fermions and string theory which is rather different than the one we get from the c = 1 
matrix model (for reviews see [7.). Here the free fermions arise as the BPS sector of a 
ten dimensional string theory. Perhaps we should not be surprised because integrable 
systems often lead to free fermions and a BPS system is in some sense integrable, so it is 
natural to have a free fermion description. It would be nice to understand better whether 
there is a reduction of the usual superstring in AdS [HI to a string theory describing just 
this 1/2 BPS sector^. 

We can also describe 1/2 BPS excitations of the plane wave geometry, which corre- 
sponds to a half filled plane. In this case the fermion becomes a relativistic Dirac fermion 
in 1+1 dimensions. The light-cone energy of the solution is the same as the usual energy 
for a Dirac fermion. Particle-hole duality corresponds to exchanging the 3-sphere in the 
first four of the eight transverse coordinates with a 3-sphere in the last four coordinates. 

By performing dualities we can get solutions which are dual to the mass deformed M2 
brane theory fOl ■ This theory is rather similar to the mass deformed = 4 Yang- 
Mills theory, or N = 1* theory, analyzed by Polchinski and Strassler |T2]. The mass term 
preserves S'0(4) x 5*0 (4) symmetry in S0{8) and the theory has vacua that contain M5 
branes wrapping an in the first four coordinates or an in the last four coordinates. 
Our solutions are non-singular and describe all possible vacua of this theory. By changing 
the fluxes on the various spheres, we can smoothly interpolate between the solutions with 

^See |5] for a proposal of a string theory description of the harmonic oscillator. 
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the M5 branes wrapping the first 5*^ and the solutions with those wrapping the second 
S^. This system has also been recently analyzed in ^T], in terms of slightly different 
variables. Our approach leads to a simple way of constructing non- singular geometries. 

We have also performed a similar analysis for the M-theory case, which corresponds 
to giant gravitons in AdS^ x S*^ or AdSj x S'^. In this case we have similar droplets, and 
the 11 dimensional geometry is obtained after solving a three dimensional Toda equation. 
In this case we could only solve the equations explicitly in very simple examples. We also 
consider the M-theory plane wave. In this way we could find geometries that are dual 
to the BMN matrix model [Hj. In particular, we find more evidence that the M5 brane 
emerges as a state of the BMN matrix model jMj . 

By performing a Wick rotation of the above analysis we are led to a characterization 
of all M-theory compactifications to AdS^ that preserve M = 2 four dimensional super- 
symmetry. These are again given by solutions of the Toda equation but with slightly 
different boundary conditions. Indeed, we fit the previously known solutions [15^ into 
this class. This constitutes an extension of the analysis in [T^ 120] which characterized 
M-theory compactifications to AdS^ preserving M = 1 four dimensional supersymmetry. 

This paper is organized as follows. In section 2 we discuss the geometries associated 
to 1/2 BPS states in AdS^ x or the type IIB pp-wave. In section 3 we discuss the 
1/2 BPS geometries describing states in AdS^ x 5*^, AdS^ x S'^, or M theory pp-wave. In 
various appendices we give more technical details. 

Plane wave 




Figure 2: Plane wave configurations correspond to filling the lower half plane. This can 
be understood from the fact that the plane wave solution is a limit of the AdS x S 
solution. 
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2 1/2 BPS geometries in type IIB string theory 



2.1 1/2 BPS states in the field theory 

We consider A/" = 4 super Yang Mills on x R. We are interested in the class of 
states that preserves one half of the supersymmetries. These are the states associated 
to chiral primary operators that are built by taking products of traces of powers of a 
single chiral scalar field of = 4 Yang Mills. Denoting by 0* the six scalars, we are 
interested in the field Z = cj)^ + icj)"^, and the operators Y[i(TrZ"-^Y\ These BPS states 
can be described in a variety of ways. The one that will be most useful for our purposes 
will be the description in terms of free fermions discussed in |1] (see also [211 123 ) • These 
free fermions arise in the following way. We are interested in states with A — J = 0. The 
only such state is the lowest Kaluza-Klein mode of the field Z on the S^. This mode has 
a harmonic oscillator potential which arises from its conformal coupling to the curvature 
of [1^ . So we are interested in the gauge invariant states of a matrix Z in a harmonic 
oscillator potential. Standard arguments for matrix quantum mechanics |23] imply that 
the system reduces to N fermions in a harmonic oscillator potential. We can think of 
these fermions as forming droplets in phase space. The ground state corresponds to a 
circular droplet. Equivalently, we can say that we have a quantum hall fluid. We can 
form the new Hamiltonian H' = H — J = A — J, where J is the angular momentum in 
the 12 plane. In terms of this new Hamiltonian we have a Landau level problem. The 1/2 
BPS states are the ground states of H' and correspond to the lowest Landau level. The 
AdS ground state corresponds to a circular droplet. The conformal dimension A = J 
of any excitation is given by the angular momentum on the Hall plane, or the energy of 
the harmonic oscillator, above the ground state corresponding to the circular droplet. It 
is also interesting to take the plane wave limit of these configurations. In terms of the 
droplets this amounts to zooming in on the edge of a droplet, as shown in figure |21 So 
the plane wave can be thought of as a Hall configuration where we fill the lower half 
plane (x2 < 0). BPS excitations correspond to particles and/or hole excitations. These 
look like the states of a relativistic fermion. In fact, the lightcone energy of the states, 
— ]9_ ~ J, is indeed given by the expression of the energy for a relativistic fermion. 

These BPS states preserve 16 non-trivial supersymmetries as well as S0{4) x SO (A) x 
R bosonic symmetries, where R corresponds to the Hamiltonian H' = H — J. This 
generator commutes with the preserved supercharges. 

2.2 1/2 BPS geometries in type IIB supergravity 

We now look for the most general type IIB geometry that is invariant under SO {A) x 
5*0(4) X R. This implies that the geometry will contain two three-spheres and a Killing 
vector. We only expect the five-form field strength to be excited. So we assume we have 
a geometry of the form 

ds^ = g^^dx^'dx" + e^+^dQl + e"-^dQl (2.1) 
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F(5) = Ff.^dx^' A dx" A dQs + F^^dx'' A dx" A dQs (2.2) 

where /x, = 0, ■ ■ ■ , 3. In addition, we assume that the dilaton and axion are constant and 
that the three-form field strengths are zero. The self duality condition on the five-form 
field strength implies that F^^ and are dual to each other in four dimensions: 

F = e^^ *4 ^ , F = dB, F = dB (2.3) 

We now demand that this geometry preserves the Killing spinor, i.e. we require that 
there are solutions to the equations 

VMr^ + 4^r^^^^^^3M.M.^(5)^^^^^^^^^rMr/ = (2.4) 

This equation is analyzed using techniques similar to the ones developed in [23 dl 1201 • 
One first writes the ten dimensional spinor as a product of four dimensional spinors and 
spinors on the spheres. Due to the spherical symmetry the problem reduces to a four 
dimensional problem involving a four dimensional spinor. One then constructs various 
forms by using spinor bilinears. These forms have interesting properties. For example, we 
can construct a Killing vector, which we assume to be non-zero. This is the translation 
generator, A — J. There is another interesting form which is a closed one form. This 
can be used to define a local coordinate y. This coordinate y is rather special since one 
can show that y is the product of the radii of the two S^s. By analyzing the Killing 
spinor equations one can relate the various functions appearing in the metric to a single 
function. This function ends up obeying a simple differential equation. We present the 
details of this analysis in appendix A. The end result is: 

ds^ = -h-^dt + Vidx'f + h\dy^ + dx'dx') +ye^dQl + ye-^dQl (2.5) 
h-^ = 2ycoshG, (2.6) 
ydyVi = eijdjZ, y{diVj - djVi) = eijdyZ (2.7) 

z = ^tanhG (2.8) 

F = dBtA {dt + V) + BtdV + d]3 , 

F = dBtA{dt + V) + BtdV + db (2.9) 

= B, = -\y'e-'^ (2.10) 

dB = -L^.,dC-±i), dB = --y*,dC-^) (2.11) 

where i = 1,2 and *3 is the flat space epsilon symbol in the three dimensions parameter- 
ized by y, Xi,X2. We see that the full solution is determined in terms of a single function 
z. This function obeys the linear equation 

dAz + ydy{^) = (2.12) 
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Since the product of the radii of the two 3-spheres is y, we would have singularities at 
y = unless z has a special behavior. It turns out that the solution is non-singular as 
long as z = ±1 on the ?/ = plane spanned by xi, X2. Let us consider the case z = \ aX 
y = 0. Then we see that z will have an expansion 2; ~ | — e~^'^ = | — y"^ f{x) + • ■ ■, where 
/(x) will be positive with our boundary conditions. From this we find that e~*^ ~ yc{x). 
So we see that the metric in the y direction and the second 3-sphere directions becomes 

h^dy^ + ye~^dnl ~ c{x){dy^ + y^dCll) (2.13) 

In addition we see that h remains finite and the radius of the first sphere also remains 
finite. One can also show that V remains finite by using the explicit expression we write 
below. When z = the discussion is similar. In fact the transformation z —z and 
an exchange of the two three-spheres is a symmetry of the equations. This corresponds 
to a particle hole transformation in the fermion system. This will not be a symmetry 
of the solutions if the fermion configuration itself is not particle-hole symmetric, or the 
asymptotic boundary conditions are not particle-hole symmetric (as in the ArfS's x 5*^ 
case). We will explain below that the solution is non-singular at the boundary of the two 
regions. So in order to determine the solution we need to specify regions in the xi,X2 
plane where z = ±|. These two signs corresponds to the fermions and the holes, and the 
Xi,X2 plane corresponds to the phase space. After defining $ = z/y'^ the equation (j2.12|) 
becomes the Laplace equation in six dimensions for $ with spherical symmetry in four 
of the dimensions, y is then the radial variable in these four dimensions. The boundary 
values of z on the y = plane are charge sources for this equation in six dimensions. It is 
then straightforward to write the general solution once we specify the boundary values. 
We find 

y'^ f z{Xi, X2,0)dx'idx2 ^ f jr ' Xi—x[ I /o 1 /i\ 

z{XuX2,y) = — -JJ A2 I 212 = / ^^^iW A2 i 21 + Q(2-14 

IT Jv [(X — X')"' + y'^J^ ZTT JdV [(X — X')^ + y^J 



f z{x-^^, X2,0){xj x,)dx^dx2 eij f dx, i 

Vi{Xi,X2,y) = 7- ,.2^ 212 =0? 7 A2^ 2 ^.15 

TT Jv [(X — X.')^ + y^l"^ ZTT JdV (x — x')^ + y^ 

where in the second expressions for z, Vi we have used that z{x[, x'2, 0) is locally constant 
and we have integrated by parts to convert integrals over droplets T> into the integrals 
over the boundary of the droplets &D. In these expressions rii is the unit normal vector 
to the droplet pointing towards the z = ^ regions, cr is a contribution from infinity which 
arises in the case that z is constant outside a circle of very large radius (asymptotically 
AdS^ X geometries), a = ±| when we have 2; = ±| asymptotically. The contour 
integral in ()2.15|) is oriented in such a way that the = — | region is to the left. We see 
from the second expression for V in (|2.15|) that V is finite as ?/ — >■ in the interior of a 
droplet. We also see from (j2.15|) that is a globally well defined vector field. ^ This is 
important since we want the time direction parameterized by t to be well defined (i.e. 
we do not want NUT charge). 

^In the cases that we consider, where at most the xi coordinate is compact, there are no compact 
two cycles in the xi,X2,y space. So we do not have any compact two cycles on which we could find a 
non-zero integral of dV. 
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2.3 Examples 

Let us now consider a simple solution which is associated to the half filled plane. We 
have the boundary conditions 

z{x[, 0) = ^sign 4 (2.16) 
From this data we can compute the entire function z{x2,y) using (|2.14|) . (j2.15|) 



V, = \ I V, = Q (2.18) 



Inserting this into the general ansatz ()2.5|) and performing the change of coordinates 

y = nra (2.19) 
X2 = liri-rl) (2.20) 



we obtain the usual form of the metric for the plane wave 

ds'^ = -2dtdxi - {rl + rl)dt^ + dr^ + drf (2.21) 

We see that the final solution is smooth, despite the fact that on the ?/ = plane 
V diverges at the boundary between two regions (x2 = in this case). In fact, this 
computation shows that, in general, the boundary between two regions is smooth. The 
reason is that locally the boundary between two regions looks like the plane wave and 
therefore we will get a non-singular metric. 

Let us now recover the familiar AdS^ x geometry. In this case it is convenient to 
introduce a function z = z — ^. The Laplace equation for z/y"^ has sources on a disk of 
radius tq. We choose polar coordinates r, </> in the Xi, X2 plane. We obtain 



z{r,y) 



y f r'dr'. 



TT Joisk [r^ + r'^ — 2rr' cos + y^]^ 

K,2 ^2 I „,2 



T — r -t- V 1 

^ 0/^2 2 ° J . 2 2 "2 ^^■22) 
2W(r2 + + y2)2 _ 4^2^2 z 



Vs = —r sin (hVi + r cos 0V2 = / 

2tx Jd 



1 r rr cos 



27r Jdv + + y'^ — 2rr' cos 



1 / + + r,^ 



V,{r,y;ro) ^ - 7; \ ^—^^===— - I (2-23) 



2 



-^/(r^ + + y^)^ — 4r2ro 
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Inserting this into the general ansatz and performing the change of coordinates 

y = rosinhpsin^ (2.24) 
r = rocoshpcos6' (2.25) 
= 0-t (2.26) 

we see that we get the standard AdS^ x metric 

ds^ = ro[- cosh^ pdf + dp^ + sinh^ pdQj + d9^ + cos^ 9d4>'^ + sin^ OdQl] (2.27) 

So we see that tq = R\ds — -^Is- In fact, under an overall scaling of the coordinates 
{xi,y) — >• X{xi,y) the metric scales by a factor A. This is what we expect since the total 
area of the droplets is equal to the number of branes, a fact which we will demonstrate 
later. By comparing the value of the AdS radius we obtained in ()2.27|) and the standard 
answer, R\^g = AttI^N, we can write the precise quantization condition on the area of 
the droplets in the 12 plane as^ 

(Area) = An^l^N , or ^ = 27r/^ (2.28) 

where N is an integer, and we have defined an effective h in the Xi,X2 plane, where we 
think of the xi,X2 plane as phase space. 

Now that we have constructed the solution for a circular droplet, we can construct in a 
trivial way the solutions that are superpositions of circles, see figure El^a) ^. Among these 
the ones corresponding to concentric circles have an extra Killing vector. These lead to 
time independent configurations in AdS. All other solutions will depend on = t + 
where t is the time in AdS and is an angle on the asymptotic S^, see (I2.27|) . The 
solutions corresponding to concentric circles are therefore superpositions of (j2.22|) and 

~z = ^(-l)^+iz(r,y;r«), = 5:(-l)^+i\/^(r, r«) (2.29) 

i i 

Here r^''' is the radius of the outermost circle, rg^'* the next one, etc (see figure Efb)). 
Let us discuss the solution corresponding to a single black ring|21^c). When the white 
hole in the center is very small, this can be viewed as branes wrapping a maximal S^ in 
S^ . When the area of this hole, A'^^, is smaller than the original area, A^, of the droplet 
{Nh <C A^), the solution will locally look like an AdS^ x S^ solution near the hole. When 
we increase the number of branes wrapped on 5*^ in S^ the area of the holes becomes very 
large and in the limit we get a rather thin ring, which could be viewed as a superposition 
of D3 branes wrapping an S'^ in AdS^ ^, see figure Efd). 

•^We define Ip = g^^/of. 

''Note that, even though the figure depicts black rings, these solutions are not related in any obvious 
way to the "black rings" discussed recently ,26.. The solutions in |26) contain horizons, while ours do 
not. They also preserve a different number of supersymmetries. 

^Note that this seems to disagree with a proposal in ^TT for realizing a larger radius AdS space inside 
a smaller radius AdS space. 
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(a) (b) (c) 




(d) (e) (f) 

Figure 3: We see various configurations whose solutions can be easily constructed as 
superpositions of the AdS^ x 5*^ solution and the plane wave solution. In (a) we see 
an example of the type of configurations that can be obtained by superimposing the 
circular solution ()2.22j) . In (b) we see generic configurations that lead to solutions which 
have two Killing vectors and lead to static configurations in AdS. In (c) we see the 
solution corresponding to a superposition of D3 branes wrapping the in S^. In (d) 
we see the configuration resulting from many such branes, which can be thought of as 
a superposition of branes on the of AdS^ uniformly distributed along the angular 
coordinate (p of S^. In (e) we see a configuration that can be viewed as an excitation of 
a plane wave with constant energy density. In (f) we see a plane wave excitation with 
finite energy. 



2.4 Topology and charges of the solutions. 

Let us explore the topology of the solutions. This analysis is somewhat similar to that 
used in toric geometry. As long as ?/ 7^ we have two S^s. Let us denote these two 
spheres as S3 and 5*3. At the y = plane the first sphere shrinks in a non-singular 
fashion if z = — | while the second sphere, S^, shrinks if z = |. Both spheres shrink at 
the boundary of the two regions. In fact there is a shrinking S*^ at these points, since 
the geometry is locally the same as that of a pp-wave. For example, in the ArfS's x 5*^ 
solution the second sphere, S3, shrinks at ?/ = outside the circle, this is the three-sphere 
contained in S^. On the other hand the three-sphere contained in AdS^ shrinks at y = 
inside the circular droplet. Consider a surface S2 on the {y,x) space that ends at ?/ = 
on a closed, non-intersecting curve lying in a region with ^ = | see figure |3] . We can 
construct a smooth five dimensional manifold by fibering the second three sphere, 5*^, on 
E2. This is a smooth manifold which is topologically a five-sphere. We can now measure 
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Figure 4: We can construct a five-manifold by adding tfie spliere fibered over tlie 
surface S2. This is a smootli manifold since at the boundary of S2 on the y = plane 
the sphere is shrinking to zero. The flux of F5 is proportional to the area of the black 
region inside S2. Another five manifold can be constructed by taking S2 and adding the 
other three-sphere S^. The flux is proportional to the area of the white region contained 
inside S2. 




Figure 5: We see here an example of a two dimensional surface, S2, that is surrounding 
a ring. If we add the three-sphere fibered over E2 we get a five manifold with the 
topology of S'^xS\ 

the flux of the five-form field strength F5 on this five-sphere. Looking at the expressions 
for the field strength ()2.2|) in terms of the four dimensional gauge field ()2.1H) . ()2.9|) we 

find that the spatial components are given by F\spaUai = d{BtV) + dB. Since BtV is a 
globally well defined vector field the flux is given by 



1 /• ,~ 1 /• , Jz-W (Area 



1 



where S2 is the two surface in the three dimensional space spanned by y,xi,X2- This 
expression gives the total charge inside this region for the Laplace equation, which in 
turn is equal to the total area with z = contained within the contour on which S2 
ends at y = 0, see figure El Note that ()2.30p leads to the quantization of area, ()2.28|) . In 
the AdS^ X case there is only one non-trivial five-sphere and this integral gives the 
total flux. This flux is quantized in the quantum theory. 

We can consider an alternative five-sphere by considering a surface that ends on the 
y = plane on a region with z = (see figure |^. The flux over this five-manifold is 
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given by 



and it measures the total area of the other type, with z = ^, contained in this region. If 
these fluxes are non-zero, then these spheres are not contractible. So if we have a large 
number of droplets, we have a complicated topology for the solution. In addition we can 
construct other 5-manifolds which are not five-spheres by considering more complicated 
surfaces. For example we get the five-manifold with topology S'^ x from the surface 
depicted in figure El 

Another interesting property of the solutions is their energy or their angular momen- 
tum J. These are equal to each other due to the BPS condition A = J. As explained 
in |3], this energy is the energy of the fermions in a harmonic oscillator potential minus 
the energy of the ground state of N fermions^. From the gravity solution it is easier to 
read off the angular momentum. This involves computing the leading terms in the Qtp+t.t 
components of the metric. The details of this computation are given in appendix |E| The 
final expression is 



A = J 



167r3/8 



V 



V 2Txh h 




(2.32) 



where V is the domain where z = which is the domain where the fermions are. Using 
the definition of h in ()2.28|) we see that this is the quantum energy of the fermions minus 
the energy of the ground state. 

None of the solutions described here has a horizon and they are all regular solutions. 
A singular solution was considered in [2H]- That solution was obtained as the extremal 
limit of a charged black hole in gauged supergravity [211 EHI- Since it is a BPS solution 
it obeys our equations. We find that the boundary conditions on the y = plane are 
such that we have a disk, similar to the one we have in AdS but the boundary value of 
2z is not —1 but —1/(1 + q) where q is the charge parameter of the singular solution. Of 
course, the solution is singular because it violates our boundary condition, but it could be 
viewed as an approximation to the situation where we dilute the fermions, or we consider 
a uniform gas of holes in the disk, which agrees with the picture in j2H] • 

Note that any droplet which is far away from other droplets will look locally near 
the droplet like AdS 5 x S^. In particular if we have a fermion droplet with z = 
surrounded by a sufficiently large region with 2 = |, then in the z = ^ region we see that 

is not contractible^. The droplet can be viewed as branes wrapped on 5"^. On the 
droplet itself, the is contractible but now there is a new 5*^ that is not contractible, 

^Equivalently we can express it as the angular momentum of the quantum Hall problem. 
^In the asymptotic region, is in AdS^ and is in . 
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(a) (b) 

Figure 6: In (a) we see a small circular droplet of area h that is at some distance d 
from a bigger droplet which is described by a smooth gravity solution. If the distance 
d is larger than y/h this is a topologically non-trivial excitation with an energy of the 
order of Mpi above the ground state. As d — the energy decreases, but its curvature 
increases and, in the fermion picture, such an excitation is better described in terms of 
ripples of the Fermi surface, as in (b). These are gravitons propagating in the smooth 
original geometry. Notice that the geometries corresponding to pictures (a) and (b) have 
different topologies. 

so we have a geometric transition. The is constructed by fibering the three-sphere 
on a surface S2 which surrounds the droplet as in figure 0] If the amount of flux is 
small, these geometries can be viewed as branes in an background geometry, but as the 
flux becomes large they can be viewed as smooth geometries with fluxes. Note that even 
a single brane, can be viewed as a highly curved smooth geometry with flux, but this 
geometrical description is misleading for some aspects of the physics. In fact we expect 
that curvatures will become high if the dimensions of the droplets become of order one. 
More precisely, we expect that curvatures will become high if the linear dimensions of the 
droplet become of order \/h, or if two droplets come close together at distances smaller 
than a/^. Note that if we have a small circular droplet of area h and we bring it to within 
a distance of order y/h from the big circular droplet corresponding to the AdS ground 
state, then the configuration has an energy of order Mpi in ten dimensions. If we bring 
this small droplet to a distance d <^ \/h from the big circular droplet we will get a highly 
curved geometry that formally has very small energy. On the other hand low energy 
excitations described by gravity modes correspond to small long wavelength fluctuations 
of the big circular droplet. It is clear from the fermion picture that a fermion very 
close to the Fermi surface is well described by the boson characterizing long wavelength 
excitations of the fermion fluid. So we conclude that highly curved topologically non- 
trivial excitations with very small energies are already included as gravity modes, see 
figure ini Here we have always discussed the curvature of the solution in Planck units. If 
the string coupling is small, the geometry can be rendered invalid by stringy corrections 
at a smaller curvature scale. 

The solutions we are discussing here are somewhat reminiscent of the Coulomb branch 
solutions that arise when we consider D3 branes on R^~^^. In fact, the 5*0(4) invariant 
subset of the latter can be obtained from the solutions in this paper by taking appropriate 
limits (see appendix rB|) . 

Distributions of droplets in a compact region of the 12 plane lead to solutions with 
AdS^ X asymptotics. Solutions which correspond to finite deformations of the half 
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filled plane are asymptotic to the pp-wave geometry. Let us discuss the latter solutions 
a bit more. Solutions with a small droplet or a small hole, see figure El (f), correspond 
to branes wrapping the or S^. Large size droplets correspond to new geometries with 
fiuxes. One can also consider solutions that are translation invariant along xi. These are 
solutions corresponding to empty and occupied bands see figure El (e). These solutions 
have infinite energy, but finite energy density. We can also compactify the direction 
Xi. This is really a DLCQ compactification, since the solution asymptotes to a pp-wave 
where Xi = x~ , see fl2.21|) . These solutions correspond to the DLCQ of the pp-wave. 
The momentum — p_ is the energy of the fermion configuration after we take the Fermi 
surface to be in a position such that the total number of particles and holes is the same. 

2.5 M2 brane theory with a mass deformation 

In this section we consider geometries that are dual to the M2 brane theory with a 
mass deformation [HH E]- Starting with the usual theory on coincident M2 branes, 
it is possible to introduce a mass deformation that preserves 16 supercharges. This 
deformation preserves an 5*0(4) x SO (4) subgroup of the 5*0(8) R-symmetry group of 
the conformal M2 brane theory. One interesting aspect of this theory is that its features 
are rather similar to those of A/" = 4 SYM with a mass deformation. Namely, the mass 
deformed M2 brane theory also has vacua that are given by dielectric branes [221 • In 
this case these are M5 branes that are wrapping a 3-sphere in the first four of the eight 
transverse coordinates or a 3-sphere in the last four of the eight transverse coordinates. 
We can obtain these solutions by U-dualizing some of the solutions discussed above. 
The authors of ^] managed to reduce the problem to finding a solution of a harmonic 
equation. The relation between their function and ours is given in appendix O Our 
parametrization of the ansatz has the advantage that it is very simple to select out the 
non-singular solutions. 

This system is intimately related to the type JIB solutions that we considered above. 
One way to see the connection is the following. It was argued in |HH| that the DLCQ of 
type IIB string theory with N units of DLCQ momentum is the same as the theory on 
M2 branes on a torus. We can now consider the DLCQ of the maximally supersymmetric 
pp-wave, where we periodically identify along the lightlike Killing direction, x~ ^ x~ + 
2'kR in ()2.21|) . The sector with units of momentum — p_ = N/R is given by the mass 
deformed M2 brane theory on a torus ^. From the pp-wave point of view it is clear that 
there can be supersymmetric vacua that correspond to D3 branes wrapping either of the 
5^s. On the M-theory side, these map into vacua of the M2 brane theory where the 
M2 branes form an M5 brane wrapping either of the two 5''^s. There is a large number 
of vacua that are in one to one correspondence with the partitions of A^. Perhaps the 
simplest way to count these vacua is to recall yet another description of this DLCQ theory 
in terms of a limit of a gauge theory in [2^1 • According to the description in [364 the 

^There has been another proposal for the DLCQ limit of this theory in [SJ, which involves a rather 
different theory. 
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(a) (b) 



Figure 7: We see the configurations corresponding to two of tlie vacua of tlie mass 
deformed M2 brane tlieory. The vacuum in (a) can be viewed as dielectric M5 branes 
wrapping the in the first four coordinates of the eight transverse coordinates. The 
configuration in (b) corresponds to a vacuum with M5 branes wrapping the 5*^ in the 
second four coordinates. The two geometries have the same topology. Consider arcs in 
the X2, y plane that enclose the fermions or the holes and end at y = 0. We can construct 
four spheres by taking one of these arcs and tensoring the that shrinks to zero at the 
tip of the arcs. The two different are denoted in the figure by indices 1 and 2. The 
flux of F4 over these four spheres is equal to the number of particles or holes enclosed by 
the arcs. Note that the horizontal line in this figure does not correspond to a coordinate 
in the final M-theory geometry. 

vacua are given in terms of chiral primary operators of a particular large limit of an 
orbifold theory. It is a simple matter to count those and notice that they are equivalent 
to partitions of A^. This is of course related in a simple manner to the fermion fluid 
picture for the pp wave. Once we compactify x~ we have fermions on a cylinder, where 
we fill half the cylinder. The asymptotic conditions automatically imply that we are only 
interested in states with zero U{1) charge. The U{1) charge is related to the position of 
the Fermi level. We always choose it such that the total number of particles and holes 
is zero. The energy of the fermions is the same as the number of M2 branes. These 
are relativistic fermions which can be bosonized and the number of states with energy 
E = N is indeed given by the partitions of A^. States which contain highly energetic holes 
or particles, as shown in figure [71 correspond to M5 branes wrapping one or the other 5*^. 
Configurations in between are better thought of as smooth geometries with fluxes. An 
interesting fact is that the geometry corresponding to a highly energetic fermion, as in 
figure [7||^a), and the geometry corresponding to a highly energetic hole, as in figure [7| (b), 
are topologically the same. The reason is that the geometry contains two distinct S^s 
through which we have a non- vanishing flux. Consider for example the configuration in 
figure [7| (a), which can be interpreted as M5 branes wrapping one of the S^s. One is 
the obvious one that is transverse to these branes. The other S'^ arises in an interesting 
way. Consider the three-sphere that these branes are wrapping. At the center of the 
space, where one normally imagines the M2 branes, this three-sphere is contractible. As 
we start going radially outwards we encounter the M5 branes, the backreaction of the 
branes on the geometry will make the on their worldvolumes contractible. So the 
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end result is that the 5*^ contracts to zero on both end points of the interval that goes 
between the origin and the branes. This produces another S*^. Through this 5*^ we have 
a large flux, which we might choose to view as part of the background flux, the flux that 
was there before we put in the M2 branes, the flux which is responsible for the mass term 
on the M2 brane theory. A conflguration with highly energetic holes corresponds to M5 
branes wrapping the second S^. This is topologically the same as the conflguration with 
highly energetic fermions. In other words, the two conflgurations in figure [7| have the 
same topology. They only differ in the amount of four form flux over the two S'^s. 

In this problem there is a precise duality under the interchange of the two three- 
spheres, which maps solutions into each other. Some special solutions will be invariant 
under the duality. This is particle hole duality in the fermion picture. 

Finally, let us give the explicit form of the solutions 



dsli = e 3 {-dt^ + dwl + dwl) 

+ [h'^{dy'^ + dxl) + ye^d^l + ye'^d^^^ (2.33) 

F4 = -ci(e2*/i^Vi) A rft A dwi A dw2 

- ^e-2*[e-3^ *2 f^d/'e'^) A c/fig + e'"^ *2 diy^e'^^) A dQ^] (2.35) 

where *2 is the flat epsilon symbol in the coordinates y, X2 and h, G are given by the 
expressions we had above ()2.(ij) - ()2.8|l . ()2.12j) . These functions are determined by consid- 
ering boundary conditions corresponding to strips that are translation invariant along Xi, 
see flgureEfe) and equations ()2.17|) . ()2.18|) . Note that since we had translation symmetry 
along Xi in the original IIB solution, only the component Vi is nonzero. The coordinate 
Xi does not appear in this M-theory solution because it was U-dualized. So z, Vi are 
given by superpositions of solutions of the form (j2.17|) - (j2.18p . In other words 

z{x2,y) = E(-ir+'^""(^2 -4,1/), V,{x2,y) = E(-l)^+'n''(a:2 - 4, y) (2.36) 

i i 

where z^^, V]"^ are the functions in ()2.17p . ()2.18|) . and is the position of the zth boundary 
starting from the bottom of the Fermi sea^. The relation between our parametrization 
of the solution, (j2.33|) - (j2.35|) . and the parametrization in [llj is given in appendix O 

These solutions can be related to Young diagrams in a simple way which is pictorially 
represented in flgure|Hl We start at the bottom of the Young diagram and we move along 
the boundary. Each time we move up we add as many fermions as boxes, each time we 
move right we add holes. The Fermi level is set so that the total number of holes is 
equal to the total number of fermions. Then the energy of the fermion system is equal 
to the number of boxes, and in our case this is the number of M2 branes. Of course. 



^For odd i the boundary changes from black to white while for even i the boundary changes from 
white to black. See figure El (e). 
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Figure 8: Correspondence between the Young diagrams and the states of free fermions. 
We start from the bottom left of the Young diagram, each time we move right by n boxes 
we add n holes and each time we move up by n boxes we add n fermions. The energy of 
the configuration is equal to the total number of boxes of the Young diagram. 

small curvature solutions are only those where the Young diagram has a small number 
of corners and a large number of boxes. This is in contrast to the situation encountered 
in other cases [2Z1 IHH| where smooth Young diagrams correspond to smooth macroscopic 
configurations. In our case, a Young diagram which contains edges separated by few 
boxes leads to solutions with Planck scale curvature. 

Using Young diagrams we can describe in a similar way the circularly symmetric 
configurations in the Xi,X2 plane. Solutions that are not circularly symmetric are given 
by superpositions of these diagrams. In other words, the Young diagrams are in direct 
correspondence with the momentum basis for the fermions. Generic states that are 
not invariant under translations (or rotations) are given, in the Hilbert space, by a 
superposition of these. In the gravity description the only states that lead to smooth 
geometries are those which form well defined droplets in the Fermi sea. 




(a) (b) 



Figure 9: We see fermion configurations corresponding to a single isolated strip, or set 
of strips. These fermions are the same as the ones that appear in 2d QCD on a cylinder, 
or SU {N) group quantum mechanics. In (a) we display the ground state and in (b) we 
display an excited state. From the point of view of D4 brane on x x R these are 
all supersymmetric ground states. 

It is also interesting to consider fermion distributions that are not asymptotic to the 
distributions for AdS x S or plane waves. For example, we can consider a single isolated 



17 



strip of fermions, as in figure IHl If we compactify the xi coordinate then the fermion 
configuration is the same as the one we have in two dimensional QCD on a cyhnder. In 
fact, the dual field theory configuration for a single isolated strip (or single collection of 
strips) is N M-fivebranes wrapped on x T'^ x R, where is given by the area of the 
strip. We can also think of this as Yang Mills theory on x x R. The reduction 
on leaves us with a gauge theory in two dimensions, which has BPS vacua that are 
in correspondence with the states of 2d Yang-Mills theory on a circle 1^3^°- We discuss 
this a bit more in appendix ^ There are other asymptotic configurations that could be 
explored, such as wedges in the 12 plane, etc. 

In the A/" = 1* theory considered in ^2] we expect a similar situation, where geometries 
will be non-singular but could have large curvatures when some of the fluxes become 
small. 



2.6 Analytic continuation to AdS^ x x 

If we want to describe solutions with AdS^ x factors, rather than x S^, then the 
following minor changes should be made from ()2.5p - ()2.9|) : 

ITT 

y = W, G = G' + — , Xj = ix\ (2.37) 



2 ' -J 

,2 



d^l = -ds' (2.38) 



Then we find that 



1 



ft- = -,'(e''-e-). V,^-W;, . = 5^ (2.39) 

After we insert these expressions in the ansatz ()2.5|) - ()2.9p and we take all primed quan- 
tities to be real we get a real solution with an AdS^ x factors. The coordinate 
parameterized by t is now spacelike, so we can take it to be compact. We can set t = x 

It would be nice to see if there are any solutions with a compact internal manifold. 
Of course we have the well known AdSs x x T'^ or AdSs x x K3 solutions. But 
our ansatz does not cover these, because in our case the x translation generator appears 
in the right hand side of the supersymmetry algebra (as a U{1) central charge). We did 
not manage to find any solutions with a compact internal manifold^^. 

We find an interesting limit of these analytically continued solutions, under which the 
AdSs X factor becomes a 6-dimensional fiat space and the remaining 4-dimensional 

^°Recently an interesting connection between 2d Yang-Mills theory and topological strings was pro- 
posed in |40j . 

^^Note that we do not Wick rotate t. 

^^It is clear from the expression for z in H2.39|l that at y = we can only have one type of boundary 
condition since z cannot continuously change from positive to negative, with real G' . 
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transverse space turns out to be a Hyper-Kahler manifold with a translational Killing 
vector jlT]. Let us look for a solution of the equation, 

di-d,z + y'dyi^dy,z) = (2.40) 

We will consider the solution in the range \y' — yo\ ^ yo and rewrite z as z yog, then 
g satisfies the 3d Laplace equation 

ded^,g + dig = (2.41) 

We could consider solutions where g is asymptotically a constant if wanted. We will now 
take the limit y^ ^ oo and z ^ oo and from ()2.39p we see 

z ~ h-^ ~ -yo2G' ~ (2.42) 

We now insert this and (|2.39|) into the general ansatz (j2.5p for the ten dimensional metric. 
We find that the radii of AdS^, x S'^ go to infinity and we recover six dimensional flat 
space. The remaining four dimensional manifold becomes 

dsi = -{dx + V'dx"f + g{dy'^ + dx''dx'') (2.43) 
9 

dV = ^ *3 ~ *3dg (2.44) 

y 

This is a metric of the Gibbons- Hawking form, which is the general form for a 4d hyper- 
Kahler manifold with one translational Killing vector |JJ (see also ITHlEl)- In particular 
note that yo scales out of the definition of V in ()2.44|) . In order to have interesting 
solutions we should allow delta functions in the right hand side of ()2.41|) with appropriate 
coefficients. 



3 1/2 BPS geometries in M-theory 

In this section we perform an analogous analysis for M-theory solutions associated to 1/2 
BPS geometries in AdS^j x S'^'''. We first describe how to reduce the problem to the 
Toda equation. We then discuss some interesting dualities and Wick rotations. 

Let us consider 1/2 BPS geometries in x S"^. These are associated to the chiral 

primaries of the (0, 2) theory. The chiral primaries of the (0, 2) theory can also be 
described in terms of Young diagrams with at most N rows j|36j , as in four dimensional 
A/" = 4 SYM. So in terms of labeling of states we also have free fermions on a plane. 
We expect a similar picture if we study chiral primaries of the 2+1 superconformal field 
theory related to AdS^ x S'^. 

These states preserve 16 supercharges which transform under 5*0(3) x 5*0(6) x R. In 
this case we expect that the R translation generator does not leave the spinor invariant. 
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rather the spinor has non-zero energy under this generator. This R generator should 
leave the geometries invariant. 

We look for supersymmetric solutions of IID supergravity which have S0{6) x 5*0(3) 
symmetry 

dsj^ = e''^ (Adnj + e^^dnl + dsfj (3.1) 
G(4) = G^i^^Ma^^rfx^^ A dx^'' A dx^^ A dx^^ + F^^^^dx^"^ A dx^"^ A d^Q (3.2) 

where dQf and dQ"^ ^^re the metrics on unit radius spheres^^ and /Xj = 0, ■ ■ ■ , 3. Using the 
equations for the field strength, one can show that 

with constant Ii. In the solutions related to chiral primaries on AdS x S or pp- waves 
the S"^ or the can shrink, at least in the asymptotic regions. These spheres cannot 
shrink in a non-singular manner if the flux Ii were non-vanishing. The reason is that 
the flux density would diverge at the points where the spheres shrink. So from now on 
we set Ii = 0. In order to continue constraining the metric we decompose the Killing 
spinor in terms of a four dimensional Killing spinor and spinors on 5*^ and 5*^. So we 
have an effective problem in four dimensions with a four dimensional gauge field 
and two scalars A, X. A closely related problem was analyzed in ^^1; where general 
supersymmetric M-theory solutions with 5*0(2,4) x U{1) symmetry were considered. 
Our solutions preserve more supersymmetries, but after a suitable Wick rotation they 
are particular examples of the general situation considered in so we can use some of 
their methods. After a rather long analysis, which can be found in appendix |F[ the end 
result is: 



dsl. = -4:e^\l + y^e~^^)(dt + Vidx'? + — ^——r[dy' + e''(dxi + dxi)] 

1 + y^e~^^ 

+4e2V^]^ + y^e-^'-dnl (3.4) 
G(4) = FAd'^Vt 
„-6A _ dyD 



-4A 



y{l-ydyD) 

V, = ^e,,d,D or dV = ^ ^ [d{dyD) + {dyD^dy] (3.5) 

F = dBt A {dt + V)+ BtdV + dB (3.6) 
Bt = -Ay'e'^^ 

dB = 2*^[{ydlD + y{dyDf ~dyD)dy + yd,dyDdx'] 

= 2~*^[y\dy^dye'')dy + ydx'didyD] (3.7) 



^•^The factor of 4 in front of the five-sphere metric was inserted for later convenience, and it corresponds 
to setting the parameter m in appendix IFl to m = i. 
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where i,j = 1, 2, and *3 is the epsilon symbol of the three dimensional metric dy'^ + e^dxj, 
and *3 is the flat space e symbol. The function D which determines the solution obeys 
the equation 

(dl + dl)D + 9je^ = (3.8) 

This is the 3 dimensional continuous version of the Toda equation. Note that ()3.8p 
implies that the expression for d]3 in ()3.7p is closed. Notice that the form of the ansatz 
is preserved under y independent conformal transformations of the 12 plane if we shift 
D appropriately. Namely 

Xi + iX2-^ f{xi+iX2) , D ^ D-\og\df\^ (3.9) 

Note that the coordinate y is given in terms of the radii of five-sphere and the two- 
sphere hy y = R2RI/4: = e^^e^^"^. This implies that the 2-sphere or 5-sphere shrinks to 
zero size at y = 0. Let us first understand what happens when the two-sphere shrinks 
to zero and the five-sphere remains with constant radius. From the condition that A 
remains constant as y ^ we find that is an x dependent constant at ?/ = and in 
addition we find that dyD = at y = 0. These conditions ensure that the y coordinate 
combines with the sphere coordinates in a non-singular fashion. We now can consider the 
case where the five-sphere shrinks. In this case R2 is a constant, so that e^'^ ~ y. This 
happens when D ~ logy as y — > 0. In this case we see that the geometry is non-singular. 
After redefining the coordinate y = u"^, we see that the y and 5-sphere components of the 
metric become locally the metric of R^. In summary, we have the following two possible 
boundary conditions at y = 

dyD = , D = finite , shrinks (3.10) 

D logy , shrinks (3.11) 

We can also separate the 12 plane into droplets where we have one or the other 
boundary condition above. We can now consider four cycles obtained by fibering the 
two-sphere over a two-surface S2 on the y,xi,X2 space which ends at ?/ = in a region 
where the S"^ shrinks, see figured This is a non-singular four-cycle^^. Since BtV is a 
globally well defined vector field, we find that the flux of the four form over this four 
cycle is given by computing the integral 

iVs 1- / G{4) = -[ dB= [ dxidx22{y-'e'')\y=o (3.12) 

V0I52 Js4 Jt.2 Jv 

where T) is the region in the Xi,X2 plane with the shrinking boundary condition, 
()3.11|) . which lies inside the surface S2. So the area of this region measures the number 
of 5-branes in this region. 

We can similarly measure the number of two branes by considering the flux of electric 
field. Namely we consider now a seven cycle which is given by fibering the five-sphere 

^"'This four cycle has the topology of a sphere 5"' if E2 is topologically a disk ending a.i y — Q. 
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over a two surface S2 which ends on the y = in a region where the five-sphere shrinks. 
Then the electric fiux is given by 



N2 




1„3A-2A 



L 



*3 dBt] 



dxidx2 2e 



y=0 



(3.13) 



where *3 is the flat space e symbol and V is the region in the 12 plane where the 
shrinks which is inside the original S2 surface. This integral counts the number of two 
branes. If the five-branes were fermions the two-branes are holes. The equation ()3.8j) 
implies that the two form we are integrating in ()3.13j) is closed. 

Notice that in both cases the fiuxes are given by the area measured with a metric 
constructed form D. So we first have to solve the Toda equation, ()3.8|) . find D, and 
only then can we know the number of M2 and M5 branes associated to the droplets. 
Note also that any two droplets which differ by a conformal transformation seem to give 
us the same answer. In fact, if we consider circular droplets of different sizes, then a 
conformal transformation would map them all into a circular droplet of a specific size. 
The point is that the boundary conditions ()3.10|) . ()3.11|) do not fix the solution uniquely. 
Given a solution D{xi, y) , the function -D(xj, yX) — 2 log A is also a solution with the same 
boundary conditions. We see from ()3.12p . ()3.13|) that this change rescales the charges. 
We expect that this is the only freedom left in determining the solution, but we did 
not prove this. In other words, we expect that the solution is completely determined by 
specifying the shapes of the droplets. As opposed to the IIB case, we do not know the 
correspondence between the precise shape of the droplets in phase space and the shape 
of the droplets in the y = plane^^. But we expect that their topologies are the same. 

Let us now discuss some examples. The simplest example is the pp-wave solution. In 
this case Xi is an isometry direction. The necessary change of variables is 



where and r2 are the radial coordinates in the first six transverse dimensions and the 
last three transverse dimensions respectively. In ()3.14j) we could in principle find D in 
terms of X2-,y-, this involves solving a cubic equation. One can check that D defined in 
this fashion obeys the Toda equation. It is also easy to see that this expression obeys 
the appropriate boundary conditions for 0:2 > and X2 < which represent a half filled 
plane, and corresponds to the Dirac sea. 

^^In particular, notice that the densities, given by (|3.12|) and H3.13|l . are not constant. 




(3.14) 
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Another example is given by the AdS7 x S"^ solution^^- 



e^ = ^lA_!^ X = (1 + — )cos^, Ay = L-^r^ sine (3.15) 
4 + r"' 4 



Where ^ is a usual angle on S"^ and r is the radial coordinate in AdSj and L is the radius 
of 5*^. Notice that in this case the solution asymptotes to D ~ at large distances. So 
we expect that any solution with AdSr x 5*^ asymptotics can be obtained by solving Toda 
equation ()3.8|1 with the boundary conditions ()3.1()|1 . ()3.11|1 and ~ at infinity. 
We can similarly describe the solution for AdS^ x 5*^: 



= AL-^^l + ^sinH, x=(^l + ^^ cosO, 2y = L'^r sin^ 9 (3.16) 

Here L is the radius of AdS4^. Notice that in both AdS x S cases we have circular droplets. 

Unfortunately the Toda equation is not as easy to solve as the Laplace equation, so 
it is harder to find new solutions. There are a few other known solutions. There are two 
singular solutions that correspond to extremal limits of charged black holes in 7d and 4d 
gauged supergravity^^. They obey our equations but not the boundary conditions. In 
section 12121 we will construct a new non-singular solution of 7d gauged supergravity. This 
solution is associated to a droplet of elliptical shape. 

In the case of solutions with an extra Killing vector we can reduce the problem to a 
Laplace equation using j^. Let us consider a translational Killing vector. In the case 
that the solution is independent of Xi the equation ()3.8p reduces to the two dimensional 
Toda equation 

52 n I ^2^D 



d^D + d'ye'' = (3.17) 
This equation can be transformed to a Laplace equation by the change of variables 

= p^ y = pdpV , X2 = d^V (3.18) 

Then the equation (j3.17j) becomes the cylindrically symmetric Laplace equation in three 
dimensions 

-^dp{pdpV) + dlv = ^ (3.19) 

It would be nice to understand more precisely the boundary conditions in terms of these 
new variables in order to find interesting solutions. The pp-wave solution ()3.14|) can be 
expressed as 

V = p^r^- (3.20) 

Note that only the region 77 > is meaningful. In fact, at ?/ = 0, half of the X2 line is 
mapped to p = and the other half to 77 = 0. As we consider other solutions of the Laplace 

^^In equations H3.15|l and (|3.1t)|) we use the polar coordinates in X2 plane: ds\ = dx^ + x'^dip'^. 
^^i.e. the AdSj black hole in 42.. .43) and the ^^54 black hole in, for example, [441 . 
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equation we expect to find more complicated boundaries. It would be nice to analyze this 
further. By solving this equation one can obtain solutions with pp-wave asymptotics that 
represent particles with nonzero —p-, which are translationally invariant along x~ (this 
can happen at the level of classical solutions). One can then compactify x~ and reduce to 
type IIA. In this way we obtain non-singular geometries that are the gravity duals of the 
BMN matrix model ^H]- These solutions were explored in in the Polchinski-Strassler 
approximation. By using the methods of this paper it is possible, in principle (and 
probably also in practice), to obtain non-singular solutions corresponding to interesting 
vacua of the BMN matrix model. The Young diagrams representing different vacua of 
the BMN matrix model are directly mapped to strips in y = plane, just like in the case 
of M2 brane theory with mass deformation (see figure |H1). In particular, our solutions 
make it clear that it will be possible to find configurations that correspond to DO branes 
that grow into NS5 (or M5) branes, as discussed in ^1]. Such a solution would come 
from boundary conditions on the y = plane for the Toda equation as displayed in figure 
|71^a). The solution where the DO branes grow into D2 branes on 5*^ is then related to a 
boundary condition of the form shown in figure [7|^b). Note that, despite appearances, 
the topology of these two solutions would be the same. In the type IIA language both 
solutions would contain a non-contractible and a non-contractible S^. These spheres 
are constructed from the arcs displayed in figure together with either S*^ or S^. 

In this paper we considered plane wave excitations with p+ = and p- ^ 0. Solutions 
that correspond to a plane wave plus particles with p_ = but p+ 7^ were discussed in 
|47j . together with their matrix model interpretation. 

It is also possible to use this trick, ()3.18p when we consider solutions that are rota- 
tionally symmetric in the X\^X2 plane. The reason is that the plane and the cylinder 
can be mapped into each other by a conformal transformation, and conformal transfor- 
mations are a symmetry of the Toda equation (j3.8|) . More explicitly, if we write two 
dimensional metric as dr^ -|- r'^dcfp' and look for solutions which do not depend on 0, then 
three dimensional Toda equation reduces to ()3.17|) with following replacement: X2 — Inr, 
D ^ D + 2\nr. 

Note that the Toda equation (|3.8|) has also appeared in the related problem of finding 
four dimensional hyper-Kahler manifolds with a so called "rotational" Killing vector 
(see also J7]). In fact the expression for the hyper-Kahler manifold in terms of the 
solution of the Toda equation can arise as a limit of our expression for the four dimensional 
part of the metric ()3.4j) . which will be discussed in subsection (jH^^^. This equation also 
arises in the large limit of the 2d Toda theory based on the group SU{N) in the 
N 00 limit, the SU{N) Dynkin diagram becomes a continuous line parameterized by 

y_m 

""^^This is similar to the limit of the ansatz and equations for the four dimensional part of the type 
IIB geometries ()2.5|) to the expressions one finds for hyper-Kahler metrics with "translational" Killing 
vectors, as discussed in subsection (|2.6f) . 
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3.1 J\f = 2 superconformal field theories from M-theory 

We consider now solutions of 11 dimensional supergravity that contain an AdS^ factor 
and a six dimensional compact manifold. These solutions can be interpreted as confor- 
mal field theories in four dimensions. In [IF' all solutions with A/" = 1 superconformal 
symmetry were characterized. In this subsection we consider all solutions with TV = 2 su- 
perconformal symmetry in four dimensions. So we are interested in solutions preserving 
16 supercharges. The superconformal algebra implies that we have an extra SU{2) x U (1) 
bosonic symmetry. In fact the full superalgebra is a Wick rotated version of the super- 
algebra preserved by the M-theory 1/2 BPS geometries we discussed above. 

Our analysis of the supersymmetry conditions was a local analysis, so after a simple 
Wick rotation we use the same general solution to describe the M-theory geometries dual 
to A/" = 2 superconformal field theories. 

In order to find the metric it is convenient to note that after an analytic continuation 
of coordinates we have 

Ip T a ^ ip 
cos^ adi/j"^ + da'^ + sin^ adill —{— cosh^ pdr"^ + dp"^ + sinh^ pdil^) (3.21) 

dQl "ds^^g^ 

In addition we perform the analytic continuation 

X=~X + i^ (3.22) 

with the rest of the coordinates remaining the same. If we now take real A we get 
appropriate minus signs that produce a metric with the correct signature. Note that t is 
now a spacelike coordinate. We denote it by x = ^ and take it to be compact. Just to 
be more explicit, we rewrite the full ansatz for the geometry^^ 



ds\^ = e^'^ {4ds\as, + y'^e-^'^dnl + ds, 



dsl = 4(1 - y^e-''^){dx + Vdx'f + \ - [dy^ + e'^^dxl + dxl)] (3.23) 

1 — y^e~^'^ 

^(4) = FAd'^n 

= ^ (3 24:) 

y{i-ydyD) ^'-'^^ 

V, = \ei,d,D or dV = ]^*;[d{dyD) + [dyDfdy] (3.25) 



F = dB^A {dx + V) + B^dV + dB, B^ = Ay^e 



-6A 



i9r 



One can also consider an analytic continuation to AdS2 x S reduction: y = iy' , Xi = ix'^. The 
resulting metric is ds^i — e^^ |^4c?s|5 + y^e^^^ds\^g^ — ds|^ where dsl ^^"^ '^^^^ ^^^^ given by (|3.23|l 
and 13.2411 . To have a metric with correct signature one should consider a region where y^e~^^ > 1. 
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dB 



2 *3 [{yd'yD + y{dyDf - dyD)dy + ydidyDdx'] 
2~*;[y\dy-dye'')dy + ydx'didyD] 



(3.26) 



where D obeys the same equation ()3.8|) . Of course we cannot take the same solutions we 
had before since, for example, they would lead to negative values of e^^. We now need to 
solve these equations with other boundary conditions. Before we discuss the boundary 
conditions let us look at particular solutions which were found by different methods in 
P^ . The solutions in [1^] correspond to the the following solution of (|3.8p : 



Now the metric in the two dimensional space parameterized by Xi, X2 becomes the metric 
of two dimensional hyperbolic space. As in [T3] we can perform a quotient to produce 
a Riemann surface of genus g > 1. We note that, at ?/ = 1/2, becomes zero, this 
means that the circle parameterized by x is shrinking. One can check in general that if 
becomes zero linearly as e-^ = const (?/c — y), with y^ ^ 0, then the circle x shrinks in 
a smooth manner, as long as x ~ X + 27r. Note that this periodicity is reasonable given 
that the x dependence of the Killing spinor is e*2>^ (see appendix |F)) . So we see that the 
spinor behaves in a smooth way too. Another new feature of these solutions is that the 
X circle is non-trivially fibered over the Riemann surface. In fact we can compute the 
flux of dV and find that it is equal to 



where g is the genus of the Riemann surface obtained as a quotient of hyperbolic space, 
by the discrete group V. Since y is a gauge field for the KK reduction on the circle 
parameterized by x, and since the spinor carries 1/2 a unit of charge^", we see that the 
fiux (|3.28p is correctly quantized. Note that the solutions associated to 1/2 BPS chiral 
primaries discussed above did not have any topologically non-trivial closed two manifold 
on which we could integrate dV in order to find a non-trivial fiux. This is good since in 
that case x = ^ is a non-compact time-like direction. 

It would be nice to produce other non-trivial solutions of these equations. It might 
be possible to give a complete classifications of all the solutions. These geometries could 
arise as special regions of a warped compactification to four dimensions, so it would be 
nice to understand them better. For example, we would like to know what the moduli 
space of deformations is. For the solution in ()3.27|) we see that the boundary conditions 
on D are that dyD = at ?/ = 0, which is telling us that the S"^ is shrinking at ?/ = 0, 
and D ~ log(?/c - y) at y = yc- 

In order to show that equations (j3.23p - (|3.26p give the most general solution we need 
to show a couple of things that we assumed when we derived the previous solutions. The 

^"All bosonic KK modes carry integer units of charge. 




(3.27) 




(3.28) 
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first is that the U{1) circle, parameterized by is trivially fibered over the S*^. This was 
natural in the Lorentzian context since the x direction is timelike. The algebra implies 
that the U{1) charge of the spinor is nonzero. If the x circle were non-trivially fibered on 
S'^, then the effective spin of the spinor on S'^ would be shifted and the solutions of the 
Killing spinor equations would not transform in the appropriate representation of 5*0(3). 
See appendix IF] for more details. Another assumption we made was that Ji defined in 
()3.3|) vanishes. If Ji is non-zero, then neither S"^ nor can shrink. We show in appendix 
IF] that if we start with a solution of our equations and we try to add Ii infinitesimally, 
then we break supersymmetry. We do not know if there are any supersymmetric solutions 
with non-zero /i We have set Ji = above. 

Similar to the limit discussed in subsection 12.61 we find an interesting limit under 
which the AdS^ x 5^ factor becomes a 7-dimensional fiat space and the remaining 4- 
dimensional manifold turns into a hyper-Kahler manifold with one rotational Killing 
vector |l6j. In this case we focus on a region of the solution near i/q with < and very 
large. We look for a solution of the Toda equation of the following form 

D{xu X2, y) = D{xu X2, Cy) - 2 logC , y = Cy (3.29) 

where C is a constant. We find that D obeys the Toda equation 

{dl + dl)D + 9|e^ = (3.30) 

We now assume that ydyD is very large, so we have 

ydyD ~ y^dyD ^ oo , e'^^ ~ ^(1 + — ^) (3.31) 

We then insert this into the ansatz (j3.23p and we find that the 5*^ and the AdS^ become 
fiat space after a rescaling of the coordinates. The remaining four dimensional part of 
the metric becomes 



'4 



^''dsl 

1 



g2A 



C\yo\ 



^-(rfx + Vidx'f + dyD{df + e^dx'dx') 



dyD 



(3.32) 



V, = -e,,d,D (3.33) 

So we see that we recover the ansatz of the general 4d hyper-Kahler manifold with a 
rotational Killing vector in (TH] (see also [T7j) if we take C = \yo\~^^^. 

It is also interesting to note that the solutions in p2] can be analytically continued in 
a similar fashion to give solutions corresponding to 1/4 BPS states in AdSj which have 
two non-zero angular momenta J12 and J34 in 5*0(5). For example, let us look at the 

^"'^It is easy to construct non-supersymmetric solutions with the required isometrics and non- vanishing 
Ji, e.g. consider AdS^ x H2/T x x and choose appropriate fluxes. 
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metric for a general AdS^ reduction which was derived in [121 (^^e equations (2.1), (2.51) 
and (2.55) in that paper): 



dsli = 
cos^C 



.2A 



-6A 



Qijdx^dx^ + 



cos^ C 



(3.34) 



2„,2^-6A 



4m 2/ e 



We now can perform an analytic continuation analogous to ()3.2H) . ()3.22|) . which amounts 
to replacing ds\^g^ by — (is^s, A by A + y and C by iC,. Then we end up with the metric 
which has 5*0(6) symmetry: 



.2A 



ds^gr, + e ^'^ ( gijdx^dx^ H 

\ cosh C. 



cosh^ ( 
9m^ 



(# + p)' 



(3.35) 



2„ ,2^~6A 



cosh = 1 + 4m ?/ e 



3.2 Gauged supergravity solution 

In this section we describe the solution to the Toda equation that corresponds to an 
elliptical droplet. This solution can be obtained by using gauged supergravity. We 
consider the truncation of AdSj x S'^ to the modes contained in 7-dimensional gauged 
supergravity |1H]. We can find a solution of 7-dimensional gauged supergravity that 
corresponds to a chiral primary. In this seven dimensional gauged supergravity solution 
there is only one field that is S0{3) invariant and charged under the U{1) generator 
that we considered above. The U{1) symmetry has an associated gauged field in gauged 
supergravity. So we will be interested in a solution that preserves SO (3) symmetry and 
carries charge under this U{1) gauge field. The only fields that are excited are the charged 
scalar, a neutral scalar and the gauge field. In addition we demand that the solution 
preserves an S0{6) symmetry in the AdS-/ directions. From the 7-dimensional point of 
view this is a BPS gauged Q-ball jS2]- The final solution is completely smooth and has 
no horizons. If one sets the charged scalar to zero it is possible to find a singular solution 
which is the extremal limit of charged black hole solutions of 7-d gauged supergravity 
jl21 ESI- Once we have found the seven dimensional solution, we can uplift it to 11 
dimensions using [HU] . 

The bosonic fields of 7-dimensional gauged supergravity |3H] contain the graviton, 
S0{5) gauge fields A^ and 14 scalars which form a coset SL{5, R)/ S0{5). We write 
a Lagrangian and supersymmetry transformations for this theory in the Appendix O 
After we impose 5*0(3) symmetry in the internal space, then the gauge field and coset 
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have the form^^ 







3x2 



02x3 



3x3 



A 







3x2 



02x3 
03X3 



(3.36) 



where g is an element of SL{2, R)/U{1) coset, which corresponds to the charged scalar 
field we described above. We parameterize g in terms of two functions p and 6 



e 



(3.37) 

e, so we can work in the 



Under U{1) gauge transformations, 6 transforms as 6 
gauge where = 0. 

Taking a metric with f/(l) x 5*0(6) symmetry and solving the Killing spinor equations 
we can express everything in terms of a single function H{x) 

1 

-1 



Ar 



2 

1 + m^r^H. 



X 



The function F{x) 



(3.38) 



(3.39) 



(3.40) 



/ = 1 + m^r^H, cosh2p = dx{xH), x = 4m^r^ 

= xH{x) obeys a nonlinear differential equation 

{2^ + F)F" = {l-{F'f) 

Non-singular solutions obey the boundary condition 

F(x = 0) = , or H{x = 0) = C > 1 

It is clear that ()3.39j) admits a family of solutions parametrized by the constant C in 
()3.4()|1 . which in turn determines the charge or mass of the solution (see appendix 1(1. 3|1 . 
This equation is further discussed in appendix It is possible to show that in the 
limit of very large charge the solutions go over to Coulomb branch solutions, similar to 
[SI], but with branes distributed over a thin ellipse. Notice that any solution of gauged 
supergravity can be lifted to a solution of eleven dimensional supergravity using the 
general formalism of [SD], and for our solution the resulting metric is 

^V^dsl + [e^^icos" 9d9^ + sin' OdQl) 



+ 
+ 



-6x-2p 



-6x+2p 



4m^ 

d{cos 9 cos 0) + 2mH~^ cos 9 sin (f)di 
d{cos 9 sin 0) — 2mH^^ cos 9 cos (pdi 



(3.41) 



^^There should be similar ansatz to H3.36|l in 4d and 5d gauged sugergravity, where the neutral scalar, 
the U{1) gauge field and the charged scalar under U{1) gauge field are excited, and the spherical sym- 
metry is preserved in AdS directions. They are particular examples of the general smooth 1/2 BPS 
geometries. 

^^In gauged supergravity the natural time coordinate is t which is related to t a,s t — 
^■^Notice that the black hole constructed in |12| corresponds to a particular solution of this equation 
Hbh = 1 + ^ but this solution is singular at a; = 0, which doesn't obey our boundary condition. 
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where 



After some work (see appendix IG .41) it is possible to rewrite this in the form of our ansatz 
()3.4|) by making the changes of variables 

x^+ix2 = (e^^ cosh p - e-^^ sinh p) (3.43) 

Vsmh 2p 

y = m^r^ sin ^ (3.44) 

= mV2/sinh2p (3.45) 

where p and / are defined in ()3.38p . It is possible to see from this expression that at 
y = the region with boundary condition ()3.1H1 . which corresponds to shrinking 5*^, is 
confined to an ellipse in the 12 plane. This ellipse becomes more squeezed as the constant 
C in ()3.40|) becomes larger (see appendix IG.4|) . 



4 Conclusions and discussion 

In this paper we have considered smooth geometries that correspond to half BPS states 
in the field theory. The most convenient field theory description of the half BPS states 
is in terms of free fermions. These fermions form an incompressible fluid in phase space. 
For each configuration of droplets of this fluid we have assigned a geometry in the dual 
gravity theory. The phase space and the configuration of droplets are mapped very nicely 
into a two dimensional plane in the gravity solution. This is the plane at y = 0, spanned 
by xi,X2- This plane contains droplets that are defined as the regions where either one 
or the other of the two spheres is shrinking in a smooth fashion. In the type IIB case 
we have two 3-spheres and one or the other shrinks at y = 0, and in the M-theory case 
we have a 2-sphere and a 5-sphere and one or the other shrinks at y = 0. The full 
geometry is determined by one function which obeys a partial differential equation in 
the three dimensions y, xi, X2- Regularity of the solution requires either of two kinds of 
specific boundary conditions on the y = plane. These two types of boundary conditions 
determine the different droplets in the xi, X2 plane. From the gravity point of view, the 
quantization of the area of the droplets comes from the quantization of the fluxes. If 
we only knew the construction of the gravity solutions we would need to know how to 
quantize them. The free fermion description is telling us how to do it. It would be nice to 
see how to derive this prescription directly from the gravity point of view. In particular, 
it would be nice to understand in what sense the xi, X2 plane becomes non-commutative. 

For M-theory solutions the correspondence between phase space and the y = plane 
is not as straightforward as in the IIB case. In particular, the flux density is not constant. 
Nevertheless, we expect that, just as in the IIB case, the full solutions are determined by 
specifying the shapes of the boundaries between the two regions. 
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It is possible to define a path integral such that only these geometries contribute. 
This can be done by defining a suitable index and taking appropriate limits, jlHl- One 
interesting aspect of the quantization of these geometries is that topologically non-trivial 
fiuctuations, which are highly curved and have small energies (quantum foam), such 
as the ones arising from small droplets close to the Fermi sea, are already included in 
the path integral when we consider ordinary low energy gravity and do not need to be 
considered separately. The fact that the geometric and field theory descriptions match 
so nicely can be viewed as a test of AdS/CFT in the half BPS sector. This system 
displays very clearly the geometric transitions IHlj that arise when one adds branes 
to a system. Adding a droplet of fermions to an empty region corresponds to adding 
branes that are wrapped on the sphere that originally did not shrink at ?/ = 0. Once 
we have a new droplet this sphere will now shrink in the interior of the droplet. In the 
process we have also created a new non-contractible that consists of the sphere that 
was shrinking before and the two dimensional manifolds (or "cups") depicted in figure EJ 

The well known c = 1 string theories are also dual to free fermions. But in the 
c = 1 case the string theory side does not have a simple geometric description since 
there are fields with string scale gradients. In our case we can describe the corresponding 
geometries in a very simple way. In the c = 1 matrix model there is a special operator, 
called the "macroscopic loop" operator or FZZT brane [HEj- It would be nice to find 
whether there is an analogous brane in our case. It seems that this system is going to 
be very useful for understanding some aspects of quantum gravity. Our correspondence 
to free fermions is reminiscent to the free fermions that appear in the topological string 
context jnn], which also arises in the study of a BPS sector of the full string theory. 

One natural question is if we have a similar characterization of chiral primaries in 
AdS^ X S^. Smooth geometries corresponding to chiral primaries in AdS'^ x x K3 
or AdS^ X X were constructed in [HZ]. These were constructed by specifying the 
profiles of several scalars on a circle. Of course, we could get fermions by fermionizing 
these scalars, and it would be nice to see if these fermions are useful in describing the 
geometries. 

It would be nice to find a relationship between the free fermions we discussed here 
in the M-theory context and the free fermions that are closely connected to the Toda 
equation [SH]. In particular, one would like to solve the Toda equation in some cases. 
In the case that we have an extra Killing vector this seems to be possible. All that is 
needed is a better understanding of the boundary conditions for the new variables that 
linearize the Toda equation (j3.18|) . A particularly interesting set of solutions would be 
those corresponding to translation invariant excitations of the M-theory pp-wave. Upon 
compactification, these would lead to geometries that are dual to the different vacua of 
the BMN matrix model. 

It seems natural to think that smooth solutions corresponding to the JV = 1* theory, 
studied by Polchinski and Strassler J2] , will be similar in spirit to those described in this 
paper. In particular, the solutions associated to the mass deformed M2 brane theory have 
taught us that there is no fundamental topological distinction between the solutions where 
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the M2 grows into a dielectric M5 brane wrapped on an in the first four coordinates 
and a dielectric brane wrapped on an 5*^ in the second four coordinates. 

It would be nice to see if there are simple generalizations of these geometries to those 
preserving 1/4 or 1/8 supersymmetries which can be viewed as general chiral primaries 
of an A/" = 1 subalgebra of A/" = 4. Geometries with 1/16 supersymmetries are expected 
to be even richer since they include supersymmetric black holes [ES]. 

It would be nice to study further the AdS^ compactifications of M-theory we discussed 
above. In particular, it would be nice to see whether there are any solutions with non-zero 
Ii. It seems possible that one could classify completely all such geometries. 

Our geometries have A — J = 0. It would be nice to find the energy gap to the 
next non-BPS excitation. In other words, the simplest non-BPS excitation will have 
A — J = Egap. In the weakly coupled field theory, we have that Egap = 1. For excitations 
around a weakly curved AdS^ x 5*^ ground state we also have Egap = 1. It might be that 
for some chiral primaries the gap is smaller, as was found in [57^ for the AdS^ x case. 
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A Type IIB solutions 

In this appendix we derive the solution ()2.5j] - ()2.9|l that we described in the main text^^. 
We start with the following 5*0 (4) x SO (A) symmetric ansatz in type IIB supergravity 

ds'^ = g^^dx^dx" + e^+^dQl + e^~^dQl (A.l) 
^(5) = E^^dxf" A dx" A dQ + F^^dx'' A dx" A dQ (A.2) 

where dQ"^, dQ"^ denote the metric on 3-spheres with unit radius. The self duality condi- 
tion for the ten dimensional gauge field implies that we have only one independent gauge 
field in four dimensions 

F = e^^ *4 ^, F = -e-^^ *4 F , F = dB , F = dB (A.3) 

Then we get only one nontrivial equation for the Killing spinor 

y MV + ^ggJ- ^ A'hNhMzMiM^^ MV — U l^-^j 

Our conventions for normalizing differential forms are as follows. We will take A'-''^ = 
if E Ai^,„,^dx'^ A ... A dx'". For example, A^^) = A,dx'„ F = dA^^) = djAidx^ A dx' = ^F.jdx' A dx^ . 
The dual B is defined by F^j = eijkBk, Bk = ^eijkF^j. 
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We choose a basis of gamma matrices 

r^ = 7M®l®l®l> = 75®cra® Ta =75® l®5-a®a2, (A.5) 

where cXa, da, da are ordinary Pauh matrices. In this basis 

Tn = To . . . n Ta n Ta = l^'o^ , 7' = ^roFirsra (A.6) 
The spinor obeys the chirahty condition 

Til?] = 7^0-377 = r]. (A. 7) 

We begin with the spinor equation on the sphere. Suppose we have a spinor on a unit 
radius 3-sphere. We consider spinors obeying the equation 

VcX = oXlcX , « = ±1 (A.8) 

The solutions of this equation transform in the spinor representation under the S'0(4) 
isometrics of the sphere. The chirahty of the 5*0 (4) spinor representation is correlated 
with the sign of a Now let us consider the full metric ()A.2|) . the warp factors lead to 
the following spin connections in the sphere directions 



Va = V'a - ^-V\d^[E + G), V, = - h:^ad^{H - G), (A.9) 



where V contains the spin connection on a unit sphere. We now decompose the ten 
dimensional spinor as 

= ^a,h®Xa®Xh (A. 10) 

where Xa, Xh obey equation ()A.8|) with overall signs a, 6 = ±1. The spinor eah is acted 
on by the four dimensional 7 matrices and the matrices a. For simplicity we now drop 
the indices a, h on the spinor e. We are interested in geometries that are asymptotically 
AdS^ X or plane waves which preserve a half of the original supersymmetries. Since 
the original supersymmetries have correlated chiralities under S'0(2,4) and S'0(6), and 
we are looking at supercharges with if' = A — J = 0, we expect them to have chiralities 

++ or under the S'0(4) x 5*0(4) generators. 

The expression involving the five-form becomes 

M — ^ T^MiMiMsMiM^ (\ ^^\ 

~ 480 ^MiM2MzMiM5 \^-^^) 

M = -ie-i(^+^)7^'^F^,7^a^ (A.13) 



^^Chirality + or — under SO{A) means that the spinor transforms in the (1, 2) or (2, 1) under SU{2) x 
SU{2) = 50(4). 
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where we used flA.3|) and the fact that M acts on spinors with negative ten-dimensional 
chirahty. Equation ()A.4|) then becomes the system 

(2ae-^(^+^)75<Ji + ^Yd^iH + G))e + 2Me = (A.14) 

(^66-5(^-^^)75^2 + ^Ydf,{H - G))e - 2Me = (A. 15) 

V^e + M7^e = (A. 16) 

The system flA.14|) - ()A.16|) describes our reduction. They describe equations that are 
effectively four dimensional. The hatted sigma matrices could be removed by using ()A.7|) 
and redefining the four dimensional gamma matrices by 7^ — > (7^7^. We chose to leave 
them in this form to preserve more explicitly the duality symmetry between the two 
three-spheres. The four dimensional system involves the four dimensional metric, one 
gauge field and two scalar fields. 

A.l Spinor bilinears 

It is now convenient to construct some spinor bilinears. An interesting set of spinor 
bilinears is 

= iecTie, f2 = iea2e, Y^^ = e'j^^&ie (A. 17) 

where e = e^7°. Using ()A.16|) one can show that 

V^/i = -e-2(^-^)F^^ir^ = + e.^.pF'^K-' (A.18) 

= -e-i(^+^)F^,ir^ (A.19) 

= -e-i(^+^)F,./2 - e-i(^-^)F,.A (A.20) 

(A.21) 



Another interesting set of spinor bilinears involves taking the the spinor and its transpose. 
We are going to be particularly interested in a one-form which obeys a useful equation 



eT^7Me , (A.22) 
duj = Q (A. 23) 

where in our conventions^^ r^7^r^ = —7^, and the last equation says that the exterior 
derivative vanishes. 
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Our conventions are such that Fq, Fs, Fi are symmetric and F2 is antisymmetric. 
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By Fierz rearrangement identities we can show^^ 

K-L = 0, L' = -K^ = fl + fl (A.24) 
We now use all these facts to constrain the metric and the gauge fields. 

A. 2 Implications of the equations for the biUnears. 

First we observe that is a Killing vector and L^dx^ is a (locally) exact form. We 
begin by choosing a coordinate y through 

-idy = L^dx'' , 7 = ±1 (A.25) 

We will later determine the sign of 7. We choose the other three coordinates in the 
subspace orthogonal to y 

ds^ = h^dy^ + g^fsdx'^dx^ (A.26) 

Let us now look at the vector K'^. Using the relation 

= Rf'L^ = K^Ly = -fRy (A.27) 

we find that is a vector in three dimensional space spanned by x". Choosing one of 
the coordinates along K"" (we will call it t), we find the metric 

ds"^ = -h~\dt + Vidx'Y + h\dy^ + hijdx'dx^) (A.28) 

were i,j take values 1,2. We have used the equation = —L^ to link the gu and the 
gyy coefficients of the metric. We also pulled out a factor of h"^ out of the remaining two 
dimensions for later convenience. 

Now we look at equation ()A.19|) . Since K'^ has only one component = 1 (we can 
always choose this normalization of t), and Bi is independent of t, that equation becomes 

dj2 = -e-^^^''^''^d,B„ i.e. = -e-K^+^^rfE* (A.29) 
We now compute 

d^Bt = F^.^K" = -F^^tYt = -^e[7^, /F]e (A.30) 
Now we recall the equation coming from the sphere ()A.14|) and its adjoint 

^e-f (^+«) = (zae-i(^+«) + + G)a,)e, 

\e-"^iH+G)-^ = e(me-^(^+^) + \i^^{H + G)a,) 
^^We found a useful summary of these identities in j5(J| . 
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Using this in ()A.30|) we obtain 

d,B, = ei(^+^)i9^(if + G) e^T'^^^.e = -eii^+G)U,{H + G) h (A.31) 
We now get an equation which involves only /2 and H + G 

dj2 = lf2d,{H + G), (A.32) 

which can be easily solved 

/2 = 4ae5(^+G), 5, = -«e2(^+^) (A.33) 

In the same way, starting from equations ()A.18|) . ()A.15|) . we can prove that 

f, = 4/?ei(^-^), B, = -/?e2(^-«) , 4/3 = 1 (A.34) 

Here we have set 4/5 = 1 by choosing the overall sign of the five-form field strength and 
an appropriate rescaling of the Killing spinor^^. We will fix a below. 

We will now show that H has a simple coordinate dependence. We begin with the 
equation coming from the sum of ()A.14j) plus ()A.15j) and its adjoint 

aijdHe = (-me~^(^+^)75 + 6e-^(^~^))e (A.35) 

eaijdH = -e(-zae-5(^+^)75 + 6e-5(^-G)) (a.36) 

We find 

d,Hh = ^9^i7eaie=^e[7^,(-me-^(^+<^)75 + 6e-5(^-^))]e= (A.37) 

so if is a function of y only. Using ()A.34|) we can determine this function 

= —a'jy = y , j = —a (A. 38) 

where we have fixed the sign of 7. We now fix a by multiplying ()A.35|) by €7^0"^ which 
gives 

h-'^dyc^ = -ah-' = -a{f^ + ^fl) (A.39) 

By comparing with ()A.24j) we see that we need to have ab4a = 1. We can now choose 
Aa = 4/5 Note that with these choices only supersymmetries with b = a are preserved, 

^^Note that the previous conditions, — 1 and Ly = 7, only determine the norniahzations of t and 
y but do not determine the normahzation of the Kilhng spinor. 

^"^The sign choice in a = ±/3 corresponds to whether we look at chiral primaries with A =p J = 0. 
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but still we have both choices of sign for a We now go back to ()A.35|) . and we also 
recall that gyy = K^. Then we find 

|^J_^^r3 + me-5(^^+G)^^ _ 5e-|(//-G)^ ^ ^ q (A.40) 

Using (IA.24D . (IA.33jl . (IA.34I1 . this reduces to the projector 

(VlTe^GiV^ + aze~% - a) e = (A.41) 

The definitions ()A.17|) and the equations = 1, Ly = —a imply that e^e = 1 and 
e^r^r^r^e = —a. Since r^F^F^ is a unitary operator we conclude that we must also have 
the following projection condition 

1 + aF^F^Fs] e = 0, or [1 + aiFiFs] e = (A.42) 

The two projectors ()A.41|) and ()A.42|) imply that the Killing spinor has the form 

e = e'^^'^'^'ei, FVci = aei, sinh 25 = 06"^ (A.43) 

We can fix the scale of ei by inserting ()A.43|) in the expression for /2 which gives 

ei = ei(^+^)eo , e^eo = 1 (A.44) 

We can set the phase of eg to zero by performing a local Lorentz rotation in the 12 plane. 
Then eo is a constant spinor. 

We can now insert this expression for the Killing spinor in the definition of the one 
form (f02|l to find that 

Lj^ = e*F2F2e = e^(^+<^)cosh25e*eo = /i~Voeo 

coi = e^T^Th = -iah-^leo (A.45) 

uj^ = Uce^^dx^ = (constant) (Cj?^ + iaef)dx'^ 

Where is the vielbein of the metric hij = e^e^ and e* = /l e^ is the full vielbein for 
the four dimensional metric in the directions 1,2. Equation ()A.23|) implies that these 
vielbeins are independent of y and that the two dimensional metric is fiat. So we choose 
coordinates such that hij = 6ij. 

We now use equation ()A.3|) to write an expression for the gauge field 

B = Bt{dt + V) + B , 
dB + BtdV = -h'^e^^ IdBt (A.46) 

B = Bt{dt + V) + B 

dB + BtdV = h^e-^^ ^dBt (A.47) 



■^^This is true for the generic solution. Special backgrounds like AdS^ x or the plane wave background 
preserve more supersymmetries. 
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where B, B have no components along the time direction and *3 it the flat space epsilon 
symbol in the directions Xi, X2. It is now possible to obtain an expression for the vector 
V . We start from the antisymmetric part of the equation for the Killing spinor ()A.20|) 

-^d[h-^{dt + V)] = ^dK = e-^"+^^F + e-^^-^^F (A.48) 

This equation splits into two equations, one gives no new information, the equation giving 
new information is 

^h-^dV = -e-^^'+^^dB + BtdV) - e-^^'-^XdB + BtdV) 

= /.2(e-™*3rf5,-e-^-^«*3rf50 (A.49) 

dV = 2h^y*3dG = -*3dz, 2 = -tanhG (A.50) 

y 2 

where in the last couple of equations we used ()A.24j) written as 

h-^ = y{e^ + e-^) (A.51) 
The consistency condition d{dV) = gives the equation 

-d^z + dyi-dyz) = (A. 52) 

1/1/ 

From equations ()A.46|) . ()A.47|) and ()A.50|) we can determine the gauge fields 

dB = -L3*3d(i±i) (A.53) 

dB = -]y^^,d{^) (A.54) 

In summary, we have derived the full form of the metric and gauge fields described 
in ()2.5p - ()2.9|) . In addition we found the expression ()A.43|) . ()A.44|) for the Killing spinor. 
It is possible to show that this killing spinor obeys all other equations, so that we have 
a consistent solution. 



B Dilute gas approximation and Coulomb branch. 

Let us consider an interesting limit of the general solution ()2.5|) - ()2.9p which leads to the 
Coulomb branch of D3 branes [51|. We begin with a boundary condition in ?/ = plane 
which corresponds to droplets with areas Ai distributed in this plane (see figure ITn|l . and 
we take a dilute gas approximation by increasing the distance between the droplets while 
keeping Ai fixed. More explicitly, we make the rescaling 

X \x, X — > Ax', y Xy, Ai — fixed (B-1) 
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Figure 10: Dilute gas approximation for the three branes: we scale A to infinity while 
keeping x and typical size of the droplets ~ ^/Ai fixed. 

in equations ()2.5|) . ()2.14j) . We will be interested in the A — > oo limit of the solution, while 
positions of the droplets Xj in the rescaled coordinates are kept fixed. Using ()2.14|) . ()2.6|) . 
(12. 8p . we get the approximate expressions 

e^^ = 4ET7— h-' = ye-^ = X'H'''^ (B.2) 
ttA^ ^ [(x — x-)^ + y^J^ A^ 



and we observe that the terms containing Vidx^ ~ A ^ are subleading as A goes to infinity. 
In the limit the metric ()2.5p becomes 

ds^ = [-c/p ^ dwidw,] + H^/\dy^ + fdQl + dx'dx') (B.3) 

Here t = Xt and three dimensional fiat space parameterized by {wi,W2,W3) arose from 
dCl"^ in the large radius limit: X'^dQ^ ~ dwidwi. 

We see that in the limit A — > oo we obtain a simple multi-center solution ()B.3|) which 
is parameterized by one harmonic function 

1 A- 

This solution corresponds to the SO (4) invariant sector of the Coulomb branch of the 
SYM theory 

C Relation to the solutions of Bena and Warner jlllj . 

In this appendix we compare the solution ()2.33|) - ()2.35|) to the solution in |TT]. First we 
look at the metric written in that paper: 

dsj, = 16L^e2^° [-dt^ + dz" + dxl^] + e2^i-^«(dM2 + ^^2^ 

+ 2n2e2^«-^°rfn2 ^ 2t;2e-^^«-^»dfi2 (C.l) 
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To compare with our solution we should make identifications: 

h''{dx^ + dy^) = AL^e^""' {du^ + dv^) (C.2) 
Combining the warp factors and using orthogonality of the coordinates, we find 

y = 8L\v, X = AL^{u^ - v"^) (C.3) 
then we get relations for h and G: 

''''' e« = -e2^^ (C.4) 



As a cross check we look at the relation between h and y, G: 

j/(e« + e-^) = 8L2(nV^3+^2g-2iJ3)^8^2/!f^^!^ 

h-'^ = 16L2e-™(t<2 + .„2) (C.5) 
where we used formulas of [TT| as well as definitions 

Now we want to relate their function g with our function z 

= 1^1^ = l u'e'^^-v' ^ \Ml-Ml ^ {vd, - udu)g ^ , . 

^ 2e2G + l 2M2e4B3+^2 2 + M2 2L2(m2 + ^;2) -9 [ ■) 

We could now translate the conditions we found for non-singular solutions into conditions 
for sources for their harmonic function hhw = g/{uv)'^. We end up having sources at 
y = which correspond to u = or 1; = 0. At m = we have uniform spherically 
symmetric charge distributions in the coordinates parameterized by v with positive or 
negative charge and we have a similar situation at v = 0, m 7^ 0. This charges have 
a specific coefficient. Since we have already given the full form of the solutions in our 
parametrization, we will not fill in the details. 



D Isolated strips and 2d QCD. 

Here we analyze the gravity solutions corresponding to a single strip (or strips) as in 
figure ini It is simply a limit of the configurations we considered above when we discussed 
the theory related to mass-deformed M2 branes. The resulting asymptotic geometry 
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corresponds to a set of M5 branes wrapped on x If we compactify one of the 

dimensions this becomes, at low energies, a 4+1 Yang Mills theory on an x R^^^ where 
four of the five transverse scalars have a mass given by the inverse radius of the sphere 
and the fifth scalar, call it Y, does not have a mass term but it has a coupling of the form 
Tr{YFoi) where 01 are the directions in R^^^. The number of D4 branes is the total 
width of the strip (or strips). The M-theory form of the solutions is as in ()2.33p - ()2.35p 
with z and V given by ()D.3|) - ()D.4|) . Here we just give the form of the solution in IIA 
notation. This solution is a simple U-dualization of ()2.33|) - ()2.35p 



2$ 



1 



1 



B 



h'^idy^ + dx^) + ye^d^l + ye'^dVL 

h-^v 



NS 



h2 _ h^2y2 



dt A dw 



e-'^'ic-'"^ *2 rf(i/V^) A dn-, + e^^ *2 d{y\''"^) A rfU 



3G 



-2G\ 



(D.l) 



where *2 is a flat 2D epsilon symbol. The solution that corresponds to D4 branes on 
5*^ X R^ (or M5 branes on R"^ x x S'^) is this solution where we consider metrics given 
by a single strip. We take a source in a form of a strip 



z{y = 0) = -9{x)9{l-x) 
Using the general formula ()2.3()|1 we find the solution 



z{x,y) 
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(x — x'y + 
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In the leading order we find 



2(a;2 + ?/2)3/2' 



V 



X 



2(x2 + 2/2)3/2^ 



h 



-2 



V2{ 



X 



y 



2x3/4 



(D.2) 



(D.3) 
(D.4) 



(D.5) 



Then introducing polar coordinates in the x, y plane, we find an asymptotic form of the 
metric 



ds^ 



HA 



-dr + dw^ + dQt 



+ 



v^r3/2 



c/r^ + r^de^ + sin^ Odnt 



(D.6) 



which asymptotes at large r to the metric of the D4 brane (or M5 brane when uplifted 
to 11 dimensions). 
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Let us look at the metric for M5 branes from ()2.33|) by imposing boundary condition 
corresponding to a superposition of isolated strips. We observe that the first few terms 
in the large r expansion are described by 7d gauged supergravity^^ : 



9 \ 1/3 



Pr 



V 2 lOry ^ ' 



°2r2 1^ lOr 100r2 



j A-^/^{T-^)ijdY'dY^ (D.7) 

Here we parameterized a deformed by a five dimensional unit vector Yj [YjYj = 1) 
such that F5 = cos 6' and Yi = sin^/Xj, where four dimensional unit vector /ij parameterises 
S^. The matrix Tjj has the form 



r„ = diag(r,r,r,r,r-'), r = i - A + 5^J^_tp!^ (d.s) 



and 



^ , (3 + 5cos2g)Po , 2cos2g f - 15Pf + 2OP0P2 
^ = J^l-LlJ^J — J- H ^t;:^^ 1 3;^ — ' 



20r r2 \20 SOPq' / 



Po^ - 15Pf + 2O P0P2 
IOOP0V2 



The solution is specified by the moments of the distribution: 

P„ = + 1) / dxx" (D.IO) 
Jv 

By making a shift in coordinate x, we can go to the frame where Pi = 0. In the next 
order in 1/r expansion a generic metric is not described by the ansatz of the gauged 
supergravity, however if the charges of the solution satisfy the relation 

P, = - '''-ff'''\ (D.ll) 

then even in the next order in 1/r we excite only fields from the gauged SUGRA. 

In the field theory, we have a 2d Yang Mills reduced from 4+1 Yang Mills theory on 
X P^"*"^. The lagrangian is of the schematic form 

S f Tr[--F^ + {DYf + YF + ---] (D.12) 

J2d 2 



■^^For completeness we also give the relation between coordinates 2:2, y in (|2.33|) and r, 9 which we use 
here: = r'cos^', y = r'sin^', r' = r + (^^ + ^) + 3P.t-5P.-+i5PoP.^-2ys2.(P,--PoP.) ^ 



6P0 Pl+5 cose(5Pi -4P0P2) sin 9 

2rPo ' iOr^R? 
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We have supersymmetric ground states such that the electric field E = = Fqi + 
Y = Y, since Fqi = on these ground states. It is interesting that these states are 
characterized by the value of Tr[£'^] ~ Tr[y^], which in the fermion picture corresponds 
to the energy of non-relativistic fermions 

Enr = f dx]-x^ (D.13) 

J strips / 

In the gravity picture this quantity appears as the leading (angular dependent) deviation 
from the metric we described above. It is a quantity similar to a dipole moment. This 
quantity is well defined for the BPS solutions we are considering. It would be nice to 
know if there is a quantity that is conserved, and it is defined in the full interacting 
theory, which would reduce to ()D.13|) on the supersymmetric ground states. 



E Asymptotic form of the metric 

We now derive expressions for the energy and angular momentum of the solution. To 
do this it is convenient to use radii of the spheres u, v as independent coordinates and 
rewrite metric in the form 



-{u' + v'){dt + Vidxy + 



and Xi, X2 can be expressed in terms of u,v using the relation: 



{dy"^ + d^^)+u^dnl + v'^dnl (E.l 



TT 



d^x' 



V [(x — x')2 + u^v'^Y 



y2(^y2 _|_ ^2^ 



(E.2) 



Here P is a region of y = plane where z = —1. Let us assume that such regions are 
contained inside a circle with sufficiently big radius in X1-X2 plane. For r = |x| and y 
larger than this radius we can perform a multipole expansion in z and Vi 



r 

TT 
1 



1 



(r^ + y^y Jv 



d^x' 



6r^(x'n)^ 

J.2 _|_ y2 



2r 



Itx (r^ + y 



2\2 



dV 



(ix-(nx') 



(E.3) 
(E.4) 



where we have chosen the origin so that the dipole vanishes, /p (i^x'x^ = 0. 
We now define 



- / d^d 

71 JV 



TT JV 

1 r 11- 
Wn = Q'^- d'^x'riirijx'ix'. = -W + -W COS < 
71 JV ■'2 2 



(E.5) 
(E.6) 
(E.7) 
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where in the last hne is a unit vector in the direction and we have defined the origin 
of the angle (p so as to diagonalize Wij. The equations ()E.3|) . ()E.4|) become 



1 - 



2(r2 + 1/2)2 



(r2 + y"^) 
1 + 24- 



W - 

2 



2\2 



6r2iy„ 

^2 _|_ ^2 



AW 



^2 _|_ ^2) _|_ ^2 



(E.8) 



2 1 AWr sin ! 



2 (r2 + y2) 



The analysis of the asymptotic form of the metric involves terms which are decaying 
like where v is the radius of the in AdS. At this order we have the gauge 
field, which is what we are interested in, and in addition we have some scalar modes of 
dimension A = 2. One of these modes is excited when W ^ 0. At this order we require 
that AdS X S metric is deformed in a way prescribed by the gauged supergravity. Making 
a change of variables which is parameterized by various functions of and u: 



u 



~ , /l , /2 

U + — + —, 

V V 



~ , 9i , 92 



hi 



. h2 
H -A 

V V 



(E.9) 



and requiring that the only mixing between sphere and AdS in the first two orders in 
l/v"^ is given by a gauge field, we arrive at the metric 



ds^ 



1 + 



+ 



X 



(3m^ - 2g)(g^ - 2W) + 6(g - u^)Wcos2(t) 
((2Q - 3m2)(Q2 _ 2W) - 6(Q - u'^)W cos2(t)f 
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v^ + Q + 



dv^ 



3t;2 



Q 



dt' + Q— 1 - ^ + v'dn 



+ 9uudu^ + 2gu4,duD(f) + g^p^^Dcj)^ + gnnd^j 



(E.IO) 



where expressions for the metric components on the sphere are rather complicated, and 

(E.ll) 



, , , 2W^ - g2 

- dcp + dt -— — dt 

So we see that the angular momentum or the mass is equal to 

27r2 2W - 



M = J 



167rGf 



(E.12) 



Notice that the term proportional to WQ^ is proportional the energy of the fermions and 
the term proportional to is subtracting the ground state energy of N fermions. Using 
flE3|) and dEH) we get (ESI- 



44 



For completeness we also give the expressions for the coefficients involved in the 
reparameterization 

u^{Q^-2W) u{Q -u^)W cos 2(j) 1^ sin 20 

- W ^ ' Q~' 

Q^-2W u\Q^-2W) (Q - u^)W cos 2(f) 

91 = 



6Q 4g2 2Q2 

F 1/2 BPS chiral primaries in M theory. 
F.l Reduction on the spheres. 

Let us now consider supersymmetric solutions of eleven dimensional supergravity which 
have SO (6) x SO (3) symmetry 

.2 _ „2\ f ^ jn,2 , „2AJf^2 , j„2 



ds\^ = e'^[^-^d^i + e'''d^ti + dsij (F.l) 
^(4) = G^i^2^3^4rfx^i A dx^"^ A dx^"'' A dx^* + d^.B^^dx''' A dx^^ A d^n (F.2) 

where dfl^ and dfl"^ are unit radius metrics on the corresponding spheres and /ij are indices 
in the remaining 4 dimensions. It is convenient to introduce the following notation for 
the coordinates 

: r, ^2 : ds^ : x^" (F.3) 

and to choose eleven dimensional gamma matrices as 

r'' = p'^®7^, ^„ = l®aa®7^ r^ = i®i®7^, 

77 = (^1 • ^2) ® (-^5) = O 75 (77)^ = +1 (F.4) 
To find supersymmetric configurations we will solve the equation for Killing spinor 

V^r^ + ^ [r™""''" - S^r^^l Gn,,rV = (F.5) 

Following we first perform a reduction on S^ by decomposing the spinor as 

= ^(r) ®e^/2^ (F.6) 

and perform further reduction on 5*^ later on. The spinor on the sphere S^ satisfies the 
equation 

Daij = '-Paij, (F.7) 
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where Da is a reduced covariant derivative on a unit sphere, which is related to Va as 



Va = mDa - -7^a^M^ 

Then ()F.5|) reduces to equations for seven dimensional spinor ^ 



(F.8) 
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-3X-pnpqr 



(F.9) 



We now perform the reduction on S"^ by introducing two component spinors x+ ci^nd X- 
which obey the equations 



and expanding the spinor ^ over basis on the sphere: 

^ = X+ ® e+ + X- ® e_. 
Covariance under SU (2) transformations ensures that we can take 

X- = 7X+, 7 = ^7775 



(F.IO) 



(F.ll) 



(F.12) 



without loss of generality. Introducing an operator P which acts on the spinors x± 
Px± = ±X±) we can simplify the equations for ^: 



(F.13) 

^ = (F.14) 
^ = (F.15) 



Before proceeding with analysis of the equations for the spinor, we observe that the 
equation for the field strength 



(F.16) 



implies that 



he 



-3A-2A, 



:f.i7) 
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for some constant Ji. This equation tells us that there is a flux Ji over noncompact four 
dimensional space. For our purposes we are not interested in solutions with fluxes over 
noncompact spaces, so we set Ji = 0. Looking back at the equations ()F.13|l - (jF.15jl we 
observe that they can be written as two decoupled systems: one for e_ + 756+ and one 
for e_ — 756+ . We will solve these systems separately by imposing a relation between e+ 
and e_ 

e = -a-f,e+ (F.18) 
with a = ±1. With this assumption spinor ^ can be expressed in terms of e+ and x+- 

e = (l-a757)-X+®e+, (F.19) 
and equations (IrT3|1 - (IrT511 can be rewritten in terms of four dimensional spinor e = e+: 
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am 







^e-^7' + l^d.A - ^e-'^-^^^.r^d^B, - am 



V, 



am 



-3A-2A 







(F.20) 
(F.21) 
(F.22) 



Here F^^^y is a fleld strength of the gauge fleld -B^. 

From now on we will take a = 1, and solutions with a = — 1 can be obtained from 
our geometries by changing signs of and m. Alternatively, solution with a = — 1 can 
be obtained from one with a = 1 by reversing the sign of all four coordinates. 



F.2 Using spinor bilinears to fix the form of the metric. 

Let us now construct bilinears out of four dimensional spinor e 



h 



ee, 



/a = eFge, K^, 



-2e7„e, L„ = 2me7.r5e, Y, 



There are also bilinears involving e* instead of e, we will consider them later, 
derivatives of the bilinears, we get 



V./i = 0, 



= L 

e 



-3A-2A 



-2mV + 



(F.23) 
Taking 

(F.24) 
(F.25) 



^•^Notice that while some of our bilinears are equal to those constructed in for reduction (for 
example, ^77^ = ~2i(x+X+)^c)j bilinears /2 and use the split between and four dimensional space 
in a nontrivial way. For example, /2 = uses chirality matrix on the sphere so it is not defined for 

a generic six dimensional base. On the other hand, a bilinear i^^ exists in general, but it has nontrivial 
dependence of S"^, so it does not respect S"^ x M split. 
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We will not need the expression for V^L^, and V^FvA- Notice that due to the first relation 
in ()F.24|) we can choose a normalization 

fi = -^ (F.26) 

we also write a real bilinear /2 as 

/2 = -sinhC (F.27) 

Let us now use the relations between spinor bilinears to restrict the form of the metric 
on four dimensional base space. First we rewrite the second equation in ()F.24jl as 

e-=^^V^(e=^^sinhC) = -L;. (F.28) 

Following ^nj, we can define a coordinate 

y = -e^^smhC (F.29) 

and the remaining three coordinates to be orthogonal to y. In this coordinate system 
vector has only one nontrivial component: 

L^dx^" = e~^^dy (F.30) 

Equation ()F.25jl implies that K'^ is a Killing vector, and we will choose the coordinate 
t along the vector K'^ (we take = 2m). One can also repeat the arguments of ^Hl to 
show that the Lie derivatives £k of and four form field strength vanish, and thus K'^ 
generates an isometry of the entire solution, not just the four dimensional metric. 

Let us now use the Fierz identities to determine some of the metric components. As 
in the type JIB case we find: 

K,L^ = 0, = -\k' = ieT.e)' - (eef = cosh^ C (F.31) 

This fixes gt^ and Qyy components of the metric: 

1 e~^^ f \ 

dsl = cosh^ ((dt + Vidx'f + ^ idy'^ + g^dx^dx^ (F.32) 

4m^ cosh ( ^ ' 

where i, j take values 1 and 2. For later convenience we introduce two functions: 

1 e"^^ 

^o = — coshC, /i=- — (F.33) 

m 2m cosh (, 

and choose nonzero components of the vielbein to be 

e^dx'' = go{dt + Vdx'), e} = /le}, = h, (F.34) 
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To conclude consideration of the metric, we also find the expression for the warp 
factor e^^. We begin with writing a linear combination of ()F.20|) and ()F.21|) which does 
not contain a vector field B^: 

jd{A + 3A)e = (-26-^75 - 2m)e (F.35) 

Using this equation we compute 

2d^{A + 3A)/i = e{jdiA + 3A), 7^6 = -^e~^L^ (F.36) 

Using normalization condition ()F.26jl as well as expression for ()F.30|1 . this equation 
can be rewritten as 

2md{A + 3A) = e'^'^^dy (F.37) 

and can be easily integrated: 

= (F.38) 
2m 

F.3 Restricting the form of the spinor. 

Let us now discuss various projections which should be imposed on the Killing spinor. 
We begin with substituting ()F.38|) into equation ()F.35|) : 

(cosh Ce-^Fg + ze-^Fs + 2m)e = (F.39) 

To simplify this projector we first rewrite it as 

(e-^'^ + ^F3F5)e = (F.40) 

After introducing e: 

e = e^r^g ^-pAl) 

we arrive at a very simple condition: 

^FsFse = -e (F.42) 
Now we recall expression for nonzero components of K and L: 

2m = K^ = —eU, e'^^ = Ly = 2mheT3T5e (F.43) 

and take a linear combination of these relations: 

e^(l + F^F°F3)e = (F.44) 
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This equation implies the projection 

(1 + r^r°r^)e = o (F.45) 

which can also be written as 

{l-iT^T^)e = (FAG) 



To summarize, we have shown that the Killing spinor e can be expressed as flF.41j) where 
e is annihilated by two independent projectors: 

(irgig + i)e = 0, (1 + r^r°r3)e = (F.47) 

This implies that e has only one independent component. Normalization condition ()F.26j) 
implies that 

gtrog = -i (F.48) 

and for one component spinor this translates into relation e = e'^'^e^ with some constant 
spinor eg. We can then make a local rotation of the vielbein to make the phase 
independent of Xi,X2,y (but the phase can still be a function of time). From now on we 
will work in the frame where e does not depend on Xi,X2, y- 

F.4 Equations for the field strength. 

Let us now look at the equations for the four-form field strength: 

^^(4) = 0, d{ tiG(4)) = 0. (F.49) 

As we already discussed, we set Gy^,J^y^y^ = 0, then 

G(4) = d^.B^^dx''' A dxi"^ A d^n (F.50) 

and we have only one nontrivial equation for the field strength: 

rf(e=^^-2^ IdB) = (F.51) 

Let us apply the 3 + 1 split to this equation: we use indices a, /? = 1, ... 3 for coordinates 
y, Xi and write the index t explicitly. Then it is convenient to split a gauge field as 

B^dx^ = Btdt + B^dx"" = Bt{dt + Vidx') + (5„ - BtVa)dx'' = Bt{dt + Vidx') + B 

We begin with components of ()F.51|) along spacial directions and rewriting them in 
terms of three dimensional quantities: 



dl 



goe^^-^^ {dB + Btdv]] = (F.52) 
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This means that locally we can introduce a dual potential $: 

dB + BtdV = 90^6-^^+^^ (F.53) 

We will choose to describe the gauge field by specifying Bt and 
The time component of ()F.51|1 leads to the equation: 

d[v Ad^ + gog''e^^-^^ ^dBt] = (F.54) 

Evaluation of Bt. 

Let us use bilinears constructed from Killing spinors to express Bt and $ in terms of 
warp factors e'^^ and e^'^"*"^^. We begin with Bf. 

To proceed it is convenient to add equations ()F.20|) and ()F.21|) : 

le-^ + 75/9(A + A)] e = ^e'''^-^^ (F.56) 
and use the resulting relation to exclude /P from ()F.55j) : 

d,Bt = --e'^^'Ml,. ^e-^ + 75 ^(A + A)]e = --e' hd,e'^^'' = -Qe^^'d.e'^^^' 
m m 

Integrating this equation we find the expression for Bf. 

Bt = -4e^^+3^. (F.57) 

Evaluation of $. 

Next we consider 

e^^^pF'^^K" = -^er5{7M, (F.58) 

Here we used 

{7M,7a/3} = -2ie^c./3i.757'', £0123 = (F.59) 
Now we will use the equation ()F.20|) and its conjugate to eliminate /F from ()F.58|) : 

e^^.e.pF'^^K^ = 2Ae^^+^\e (757m75( /9A + m) + (- ^A + m)^^) e 

where at the last step we used normalization ()F.26|) . Notice that the expression in the 
left hand side of ()F.58|) is related to the derivative of 

e.^o.pF'^^K'' = Ame'^-^'^d,^ (F.61) 

so we finally find the relation between A and $: 



1 2 

9^$ = --e'^^^A (F.62) 



Integrating this equation, we arrive at the relation 



$ = -— e^^ (F.63) 
m 
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F.5 Evaluating two dimensional metric. 

To fix the form of tlie vielbein e* we construct a one form as a spinor bilinear'^^ 

u = e'T2-ff,e dx^ = e^FsF^e he^^dx^ = e*e h{iel + el)dx^ (F.64) 
Let us compute the derivative of this form: 

dcu = e*r2 (^-m7^, + ^e-^^-^A^^^^^^Fs) e dx'^ A dx" (F.65) 
Using commutator 

[7^,, ^] = 2(7/F,„ - 7,"F^„) (F.66) 
as well as equation ()F.20|) and its transpose 

( -3X-2A ) 

e'T'l-jdX + m-^^T,^\=0 (F.67) 

we evaluate 

diu = e'T2{-m^^^ + 3m-f^^ + 3-f^d^X)e dx^" Adx" (F.68) 
Using projection conditions for e one can see that 

e*F27^,.e c/x^ A dx" = 2e*F27;,F2e h{iel + el)dx^ A dx" (F.69) 
This leads to the expression for the derivative of u 

duj = (^-m^-^dx" - 3dX^ A uj (F.70) 

Now we use the expressions for bilinears which can be derived using ()F.42|) and ()F.45|1 : 

e*e = coshCe*e, e*Foe = -ze*e, e'Fse = sinhCe*e, 

e*Fie = e*F2e = (F.71) 



This simplifies ()F.70|) : 



duj = (i{dt + V)+ . dy-3dx]Auj (F.72) 

\ 2 cosh ( J 



as well as expression for uj 



uj = e^e h cosh C(ie), + e^)dx^ (F.73) 



'^''As in the type IIB case our conventions are such that is antisymmetric, so the factor of r2 is 
necessary to ensure invariance under local Lorentz transformations. 
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We now recall that we fixed a gauge for local Lorentz rotations in such a way that e*e 
does not depend on x"" or y, so y component of ()F.72|) becomes 

9,(/.coshCe;) = ^^^/^e; (F.74) 

This relation guarantees that and have the same y dependence, i.e. 

el = e^'/^hdx^ + f2dx^), = e'^'^ihdx^ + fdx^) (F.75) 

where do not depend on y. Then we can always use reparameterizations in X1-X2 plane 
to simplify the vielbein: 

el = e^/2rfx\ = e'"''dx^ (F.76) 

With this choice of vielbein we can simplify equation ()F.72|) : 

[d\og{e^'^e'^^) + dt log(e*e)c/t} A {idx^ + dx^) 

= (^i{dt + V) + ^^ dy - U\\^ A {idx^ + dx^) (F.77) 

Writing this in components, we find three equations: 

9,(g*e) = (F.79) 
\^diDdx' A (idx^ + dx^) = W N {idx^ + dx^) (F.80) 

it 

Second equation specifies time dependence of the Killing spinor (e ~ ea") and taking real 
and imaginary parts of the last equation we find an expression for V-i in terms of D: 

Vi = \e,,d,D (F.81) 

F.6 Field strength for the vector Vi and To da equation. 

Let us now look at the vector Vi appearing in the metric. As in the type JIB case we 
will determine this vector by looking at the equation ()F.25|) for VK. In the right hand 
side of that equation there is an antisymmetric tensor Y^^, and we begin with evaluating 
its components in the orthonormal frame. Using projections flF.45j) . ()F.46|1 one can show 
that = Y52 = ^3i = ^32 — 0- foi' example, 

Foi = e^r^Foie = e^Fie = ze^Fae = -ze^Fae (F.82) 
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So in the orthonormal frame Y has only two nonzero components 



Yr 



03 



Y 



12 



erose = erge 
eri2e = -1 



sinh ( 



so we find 



-3A 



Y = Y^^dx^ A dx^ 



2m? 



sinh C(rft +V)Ady- h^e'^dx' A cix^ 



Using this expression, we can rewrite antisymmetric part of ()F.25|) as 



2md 



9o{dt + V) 



-2- 



■ sinh ((dt + V) Ady- Amh^e^dx^ A dx^ 

m 

3A-2A , 



+e-""-"^ sinh (d Bt{dt + V) + B 
This equation sphts into two equations, and we look at only one of them: 



gldV = -2h'^e^dx' Adx^ + 
Using definition of $ ()F.53|) : 



-3A-2A 



2m 



sinhC BtdV + dB 



-1.-3A+2A 



dB + BtdV = Qo'e 
as well as duality relation 

- 2h^e^dx^ A dx^ = -2h t,dy 
we find the final expression for the Hodge dual of dV: 



IdV 



me . 1 _o _qA ,^ e 

o— rfy 90 ye d^ = o— 

cosh ( 2m m cosh ( 



d{ye-'') 



Substituting the value of Vi from ()F.81|) . we find the equation for D: 



AD 



— e 



D 



[F.83) 



(F.84) 

(F.85) 

(F.86) 
(F.87) 

(F.88) 

;i + ^2e-6A)2-s/v«- / (F-89) 

Combining this with (jF.78j) . one can show that D satisfies three dimensional Toda equa- 
tion: 

AD + 9je^ = (F.90) 

To summarize, we have shown that all supersymmetric solutions of M theory with 
5*0(6) X 5*0(3) isometry can be parameterized in terms of a single function D which 
satisfies (iRQOl) : 



dsli 

0(4) 



,2A 



dni + 



„2„-6A 



-6A 



^ dnl - cosh^ C{dt + Vdx'f + T- 

4 4 cosh ^ 



(dy'' + e^dx^ 



dBt A (rft + V) + 



y^e-^^ 
Am cosh 



Vi = -eijdjD, Bt 



^3g-6A 

2m3 ^ 



sinh C = —ye 
d„D 



3A 



(F.91) 



-6A 



2/(1 - ydyD) 
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F.7 Solutions for AdS^ x and AdSj x 

The solutions which we just constructed could have different asymptotics at large values 
of xi,X2, y, but we will be mostly interested in solutions with either AdS7 x S"^ or AdS^ x 
5^ asymptotics. In particular, we can start with any solution which asymptotes to 
AdS-j X S"^ and make an analytic continuation to the AdS^ x S''' case. To derive this 
analytic continuation it is useful to recall that AdS-j x S""^ with radius of equal to ^ 
corresponds to the solution 



2^2 



~l + mV X2 = (l + mV)cos^sin0 ' V - m r siYiiJ ^^.J^j 

Here r is a radial coordinate on AdS, and 9 is an angle on S'^. The analytic continuation 
to AdS^^ X S"^ solution is given by 

m = im' , mr = ism6', sin ^ = im'r' (F.93) 

This leads to the expressions for the parameters of analytically continued solution: 



Xi = (1 + ni?r'^) cos 9 cos ( 



sin^ 9' xi = ^l + {m'r'fcos^9' cos<p, . , , . 2 n, (t. aA\ 

e = ^ I , y = —imrmi 9 (F.94) 

cos^ 9' X2 = \ l + im'r') ^ cos^ 9' sin cj) 



While this solution describes AdS 4, x S"^, it is not the most convenient description of this 
space since diverges aX 9' = ^. We can use the conformal transformation in the X1-X2 
plane to make regular. Namely we construct a complex combination 



z = xi + ix2 = ^1 + (m'r')2 cos^ ^'e^'^ (F.95) 
and introduce z' a,s z = iz'Y. Then we can rewrite the two dimensional metric as 



e^dzdz = Ae'^z'z'dz'dz' = e'^dz'dz', = -A^l + {m'r')^ sin^ 9' (F.96) 

Then writing z' = x'l + ix'2 we find the final form of AdS4^ x 5''^ solution: 

= (1 + (m'r')2)i/4cos^'cos^, ^ = (1 + (m'r')')!/^ cos^' sin ^ 



e"" = -4^1 + (mV')2 sin^ 9', y = -im'r' sin^ 9' (F.97) 

F.8 Analytic continuation to AdS^ x 5^ solutions 

Let us briefly comment on the analytic continuation to the AdS^ x S*^ reduction. It is 
straightforward to find an analytic continuation of the solutions which we constructed and 
find the geometries dual to A/" = 2 superconformal theories (see ()3.2H) - ()3.22p ). however 
there are two potential subtleties. First, these new solutions have space-like Killing 
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direction x, so we can introduce a topological mixing between x and S"^. This leads to a 
slight generalization of the ansatz which we have considered, and in this subsection we 
will show that in the presence of such mixing, a Killing spinor which has a nontrivial 
charge under translations in x cannot be a doublet of SU{2). 

The second subtlety is related to the flux over four dimensional base. In the case of 
S's X S"^ reduction we have argued that G^^^^^^^^ = based on the absence of flux over 
non-compact base. In the case of AdS^ x S"^ we can have compact four dimensional base, 
so this argument does not apply. However we will show that starting from a solution 
with /i = one cannot switch on Ji in a regular manner. 

In the appendix IF. II we started with a metric which has no mixing between S*^ and 
four dimensional base. However there seems to be more general ansatz which is consistent 
with SU{2) symmetry: assuming that the base has a space-like Killing direction x, we 
can introduce a mixing of the form f{dx + A^dx"')^ where are coordinates on and 
Aa is a gauge field on the sphere with a field strength proportional to the volume form 
= const ea/s). Let us show that if a Killing spinor which has a nontrivial charge 
under translations in x, then the supercharges cannot form doublet of SU{2). 

We recall that after reducing ()F.5|) on we find an equation for a spinor in six 
dimensions: 

[V^-W^]e = 0. (F.98) 
Let us now assume that the metric in six dimensional space has a form 

ds^ = f{dx + V^dx^'f + r]MNeffeyx^dx\ (F.99) 
then in the combination 

- V,\/^ = - V,d^ 

information about and / disappears from V^, in other words, is constructed from 
spin connection which uses only the reduced five dimensional metric. We now split the 
five coordinates x'^ into the sphere S"^ and the rest, and write the combination of ()F.98|) 
with indices on the sphere: 

V, - V^d^ + W^- VJV^] i = (F.lOO) 

As in equation (jF.llll we can split the spinor into the spinor on the sphere and spinor on 
three dimensional base, and we arrive at the equation for a spinor 77 on a unit sphere S'^: 

[Vq - Vad^] T] = a-faT] + beafB^f^T] (F.lOl) 

Let us determine the constants a, b. First we notice that by making a rotation 77 — >■ e^'^^"''^rj 
with tan2/i = — ^ we can set 6 = 0. Then taking the commutator of different components 
of ()F.101|) . we get a relation 

[-712 - Fi25J = 2a^^uV (F- 102) 



56 



If Fi2 = 0, this leads to a 
fj ~ e*^/^, then 



±1 and equation ()F.101|) reduces to ()F.10|) . However if 



'12 



±2(2a2 + 1), 



7i2^ = Tiri 



(F.103) 



Let us take the upper signs in these relations. Then multiplying ()F.101|) by (712 + ^), we 
find that a = (recall that we already made a rotation to set 6 = 0). To summarize, 
we see that we should have either F12 = 0, or F12 = ±2, and in the latter case for each 
choice of the sign we have only one chiral spinor on the 2-sphere^^. 

Let us now address an issue of nonzero flux Ji. While we have not analyzed a pos- 
sibility of constructing solutions with Ii 7^ 0, we can show that starting from a solution 
with Ji = one cannot switch on in a regular manner. 

We take a linear combination of ()F.13|) and ()F.14|) which does not contain /F, then 
using relation ()F.17jl we find: 



P{A + 3A) + ze-^r^P + 2im-i^ + — e" 



Let us rewrite this equation in terms of e+ and e_ 



-6A-2A 



4o 



-6A-2A 



e± = ±2me: 



(F.104) 



(F.105) 



If Ji = then the system of equations ()F.13|) - ()F.15|) separates for ip+ = e_ + T^e+ and 
= e_ — Fse+j but for nonzero flux there is no separation. In particular, equation 
()F.105jl becomes: 



ze"^ + Fg 



te 



+ 3A) - 2mF5 ip. 



48 ^ 



3A) + 2mF5l iJ- = --/le-6"-2^^^ 



(F.106) 



Let us start from some solution with Ji = (we denote it -ip^^^). Such solutions have 



either ip^f^ = or ip 



(0) 



and we choose a solution with 



(0) 



0. Let us view Ii as a 



perturbation parameter and write equations ()F.106|) at the zeroes and first orders in Ji. 
To do this we write ip = ip^^^ + Iiip^^^ and use similar expansion for the bosonic fields, 
however we will not need terms which contain corrections to the bosonic background. 
Let us write zeroes order for the second equation in ()F.106|) and first order for the first 
equation: 



h 



-A 



+ V^p{A + 3A) + 2mF5] = 
+ V^P{A + 3A) - 2mF5l 41^ = 



-48^ 



6A-2A^(0) 



(F.107) 



^^This can be thought of as topological twisting: the contribution from spin connection in the covariant 
derivative of the spinor cancels the contribution from the gauge field and the spinor effectively behaves 
as a scalar on 5^. 
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Notice that is the same spinor as e which we have been using in this appendix. Since 
bosonic fields are solutions of equations of motion, we observe that the first equation 
above can be rewritten as ()F.40|) . and making similar manipulations with second equation, 
we find: 



= 



(1) _ ^-^1 -6A-2Ar r „,,(o) 



/le-^ e^'^^ + zT,T, V^V^ = -:i±e-'^-''^T,T,i;'y (F.108) 



Introducing spinors e and rj: 

^(0) ^ g§r3~ ^(1) ^ e-ir3~ (F.109) 

we find simple equations: 



[1 + zT,T,] I = 0, Jie^^« [1 + zrgFs] v = -'-^e-'^-^e-i^'T.r.i (F.llO) 

Multiplying the last equation by [1 — ir^r^je'^^^ , we find a relation which does not 
contain fj: 

^e-6^-^coshCe = (F.IU) 
48 

This proves that we can't switch on Ji in perturbation theory. 

G Derivation of the gauged supergravity solution 

In this appendix we provide the derivation of the gauged supergravity solution described 
in section 13.21 

G.l 7-d gauged supergravity 

In this subsection we list some of the properties of = 4 supergravity in seven dimensions 
|1H] and we also write the formulas jSOj for lifting solutions of gauged supergravity into 
the solutions of M theory. 

Bosonic sector of seven dimensional gauged supergravity contains metric, 5*0(5) 
gauge field A^/'^, 14 scalar degrees of freedom which form a SL{5, R) / 50(5) coset Vj^ and 
five three-forms 0|. Since we will be looking for solutions which have 0| = 0, we will 
suppress the three forms from the beginning. The equations of motion for the bosonic 
fields come from the Lagrangian^^ 

TP ^ 1 

2e-'L = R+—{T'- 2T,,r^) - Tr(P^P^) - -{Vj'V/Fp' + e-'m-'p^iA, F) (G.l) 



^^In this section we use parameter rh which is natural from the point of view of gauged supergravity. 
It is related to m which is used in the rest of the paper as to = 2m. 
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where 



iy-%'w,vi^ ^ (g^)[.,] + (p^)fo-) 



The fact that we have a coset is encoded in the identification: 



(G.2) 



(G.3) 



where Oj^ is an element of 5*0 (5). 

The fermionic degrees of freedom consist of gravitino ifj^ and spin-| fermions Aj which 
transform under spinor representation of 5*0 (5). The supersymmetry transformations are 
given by 



5\ 



mill 1 



m i 



uX 



(G.4) 



Starting from a solution of gauged supergravity, one can construct a corresponding so- 
lution of supergravity in eleven dimensions. The general procedure for such lifting was 
derived in ^D], and here we just cite the result for the case when the three form is 
switched off: 



x/2. 



'(4) 



o 1 

j?AiA2^jjy^A3^|jy^A4^y . y^As _|_ _pAiA2 pAsA^yAs 

rfiA m 



+ -(DY)^UDY)^%DYf^ 



Ai' 



^{DY^^iT ■ Y f^' + AD ( "p 



(G.5) 
(G.6) 

yA 



where Y is a five-dimensional unit vector iY - Y = 1) and 



A = r ■ T ■ F, 



DY^ = dY^ + 2mA^-^Yj 



(G.7) 



We will now use the above formulas to construct a regular supersymmetric solution of 
gauged supergravity and to lift it to the solution of M theory. 



G.2 Constructing a regular solution of gauged supergravity. 

Let us construct a supersymmetric solution of M theory which has 5*0(6) x 5*0(3) x U (1) 
symmetry. This will not be the most general solution of M theory with such symmetry, 
but it will be the most general solution which is described by 7-dimensional gauged 
supergravity. The reduction to gauged supegravity introduces a 7 + 4 split of eleven 
dimensional theory, and we will require that four dimensions contain a round sphere 5*^, 
while the seven dimensional base space contains 5*^ as well as one more Killing direction 
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dt- To have 5*0(6) x 50(3) x U{1) symmetry we also require that all functions entering the 
ansatz of gauged supergravity are invariant under rotations of and under translations 
of t. These conditions fix the metric of seven dimensional space and the matter fields of 
gauged supergravity to be 



(G.8) 







3x2 



02x3 



3x3 



03x2 



02x3 
03X3 



A = hdt 



Here g is an element of SL{2, R)/U{1) coset which can be parameterized in terms of two 
functions p and 6: 

g = exp{i9a2) exp^-pa^) (G.9) 

All scalar functions introduced above depend only on one coordinate r, and we can use 
the remaining reparameterization invariance to fix the gauge 

-6k-2n 



9r 



r e 



(G.IO) 



We can now proceed with computing various functions which enter the equations of 
gauged supegravity: 

e^^(cosh2p + (73 sinh2p) 02x3 

03x2 e~'^^l3x3 

—3dx — cr^dp + {eA + dO) sinh(2p)cri 

03x2 

i(e/l + rf^)cosh(2p)a2 02x3 

03x2 03x3 



-I- 1 J 



P 



02x3 
2rfxl3x3 



(G.ll) 



Here e = 2m is the charge of the coset V/\ We observe that 6 enters only through the 
combination eA + d6, so we can always make a gauge transformation of A^ to make ^ = 0, 
and from now on we will work in this gauge. Notice however that after we make such a 
choice, the value of A^ at infinity acquires a physical meaning. 

To find supersymmetric solutions we have to solve the equations 



6Xi = 0, 







(G.12) 



with variations given by ()G.4jl . First we consider the equation Sipa = where a is an 
index on S^. In particular we would need the expression for the covariant derivative: 



(G.13) 



where is a covariant derivative on the sphere of unit radius and the second term in 
the last equation comes from the warp factor. Since we have a symmetry under rotations 
of S^, the covariantly constant spinor should satisfy 

s _i. , 



(G.14) 
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where 7 is a chirality operator on the sphere and s = ±i [HI]. We will take s = —i. Using 
above projection, we can reduce the equations Sipa = to a single relation 



771 

J + -e-^'' + Ydr{k + x) 



se 



e = 



(G.15) 



We also notice that since t is a Killing direction, we can choose the time dependence of 
e to be 



e ~ e 



iEt/2 



(G.16) 



To write the remaining equations it is convenient to choose a particular basis of gamma 
matrices: 



r r t • t 

7 = e^cTa, 7 = te^a2 



and decompose a spinor e in this basis as 



(G.17) 



With this decomposition we arrive at the system of equations: 



mi 



m 



e-^°^ -cosh2p) 



6-^°^^ - cosh2p) - — e-'^^+^+^'^S.x 



e^dr log tanh p — me^^ 



2 

-e^dr log tanh p + me 



6x 








m 



Tft 



e I — se e. 



se ''e^ 








m 



e ^ + 6^(9,. (x + n) 



(iE + 2imAt cosh 2p)ef + ie'^^+^'^r-'^drh 
-{iE + 2zmAt cosh 2p)ef + ie-^^^^^r'^drh 



(G.18) 



(G.19) 

(G.20) 

(G.21) 
= 



e+ = 
(G.22) 



We have written all nontrivial equations except Sipr = 0. The reason for separating this 
equation is that unlike ()G.19j) - ()G.22|l . it is not algebraic in e, but rather gives a differential 
equation which involves S^e. So the simplest way to proceed is to solve the equations 
()G.19|) - ()G.22|) first and to find a bosonic background, and then use the equation 6ipr = 
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to determine the radial dependence of e. Since we are not interested in constructing e(r) 
we will not need the equation dipr = for the moment. 
Notice that due to our gauge condition, we have 

= r-=^e"+=^^ (G.23) 

so derivative dr always appear in the combination 

4 

r-^dr = dn, R = j (G.24) 

To find the solution of the system ()G.19|) - ()G.22|) . we observe that the general systems of 
the form: 

(a + 6)e+ + ce_ = 0, (c/ + e)e+ + (/ + ^)e_ = (G.25) 

(a - 6)e_ + ce+ = 0, {d - e)e. + {f - g)e+ = (G.26) 

implies that 

cd = af + bg, ce = ag + bf, = b'^ + c^ - = f - g^ (G.27) 

By applying these formulas to various pairs from the system ()G.19j) - ()G.22j) we will find 
equations which do not contain e. For example, integrability condition for ()G.19j) and 
()G.20|) leads to an equation 

- 10me-^'^+"+3*^-'^/iaRX = -me-^^+^'^a^/i (G.28) 
which can be easily integrated: 



h 



1/10 



Now we combine (|rT:2(Hl and jn^H): 

e'^^'^dn{k^x) = %K' e^>^+^^ = |/.o^(/ + cO (G.30) 

where C\ is an integration constant. To find n we take a determinant of ()G.21|) : 

16 4 



and rewrite it as an expression for e 



2n. 



_ _ j_^2r^2g2/c _ 4^2^8x1 ^ /,2r^2g2fc ^ 4^8x1 (G.32) 
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Finally we take a determinant of ()G.19|) to find an expression for cosli2p: 

cosh2p = hodR[{r + j)h-^] (G.33) 

Let us summarize the results we have so far: 

h = hoH'\ = H-^, = (r^ + cif/^H^^ {2h^)'^'\ e'" = (2/io)V^"'^!G.34) 
where we defined 

/.l,!je--^l + j^i/(.' + eO"^ (G.35) 

Substituting these expressions into the equations ()G.19|) - ()G.22|) and writing all possible 
integrability conditions, we find only two nontrivial equations: 

2fR'/'dUm = -^^ilMm? - 1) (G.36) 
m - 2 + mH-^dR{RH)^ - 2mRHdRH-^ = (G.37) 

To simplify these equations we introduced 

R = R+% (G.38) 
4 

Notice that equation ()G.37|) reduces to the expression for E: 

E = -mho (G.39) 

and we are left with only one nontrivial differential equation ()G.36|) . 

To summarize, we have solved the equations for Killing spinors and the solution is 
given by ()G.34|) . ()G.35|) with H satisfying the equation ()G.36|) . At this point we have 
two integration constants h^, C\ and we will fix their values momentarily. Substituting 
the expressions ()G.34|) into ()G.8|) . we find the solution of gauged supergravity 



ds' = -{2hoyfH-^/'dt' + 



V2h, 







r^dr"^ / 4 \i/2 



/(r4 + ci)3/2 



+ (r^ + ci) dQ 



Ar = hoH-\ e'' = H~-,^ cosh2p = dniRH) (G.40) 

First we notice that by rescaling t, r and ci we can set Hq to any value, we will choose 
this value to be /iq = |- Then we see that the metric, matter fields and equation ()G.36j) 
can all be expressed in terms of coordinate R, then ci never appears explicitly. After this 
is done we can define a new coordinate f = (4i?)^/^ instead of the coordinate r, which is 
equivalent to setting ci to zero. Thus without loss of generality we can take Ci = 0. 
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Now we write the solution of gauged supergravity in its final form: 



/5 



T 



+ r^dnl 



(1) 



-H-\ 



gX = ^-To^ cosh2p = dR{RH), R = 



where 



/ = 1 + 



-22 

m r 



4 



-H 



and H satisfies a nonlinear differential equation: 

2fR'/'dURH) = -rh\[dn{RH)]' - 1) 
To formulate the problem entirely in terms of R one can rewrite the metric as 

dR^ 



ds' 



(G.41) 



(G.42) 



(G.43) 



(G.44) 



Using the formulas from Appendix IG.H one can easily lift this geometry to the solution 
of eleven dimensional supergravity, and the result is given by ()3.4H) . The coordinates 
introduced there are related to the vector by 



Yi = cos 6 cos 0, Y2 = cos 9 sin ( 



Y3 



sin 9 cos ip cos ( 
sin 9 cos sin ( 



F5 = sin 9 sin ip 



and the sphere is parameterized by {ip, (). 



G.3 The asymptotic behavior and the charge of the regular 
gauged supegravity solution 

In this appendix, we study various approximations to the non-linear differential equation 
(I3.39|) . and the asymptotic behavior and the charge of the 1/2 BPS regular solution of 
M theory from 7d gauged supergravity. 

This family of smooth solutions from 7d gauged supergravity are characterized by a 
function H{x) which satisfies the non- linear differential equation 



(2v^ + F)F" = (1 - (F 



/\2\ 



(G.45) 



where x = Am'^r^, F{x) = xH[x). 

We will consider smooth solutions to equation ()G.45|) . which at the origin a; = obeys 
the boundary condition: 



F(x)U=o = 0, F'(x)U=o = C 



(G.46) 
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These smooth solutions are parametrized by C, where C > 1 because C is equal to the 
maximal value of cosh 2p at x = 0. 

At large x, the asymptotic solution to (jG.45j) is 

F{x) = [x^ + 2Px + _ rf)]i/2^ for a; > P (G.47) 

where P and d are two parameters related to the charge and the "dipole moment" of 
the solution and are both functions of C. From ()G.47|) . the asymptotic solution of H{r) 
when r ^ oo is therefore 

i^(r)Uoo-l + § (G.48) 



so we see that Q = is the charge of the solution. 

Another useful approximation is to drop the 1 in equation ()G.45|) . which is valid for 
F'{x) ^ 1. After change of variables 

X = C-^e\ F{x) = ^/^G{t) (G.49) 

equation ()G.45jl when dropping 1 becomes: 

2{G + 2)G + 2G^ + 2GG-G = (G.50) 

where dot means ^. The solution G{t) to equation ()G.50|) is independent of G. 

We are able to get analytical expressions for the charge and "dipole moment" of the 
solution as functions of G by matching ()G.47|) and ()G.50|) in the large G limit: 

Q^^nnGf, Um^QY + 0( (In G?), G ^ oo (G.51) 

G.4 The regular gauged SUGRA solution as a solution of the 
Toda equation 

In this appendix, we derive the solution to the Toda equation fl3.8p . corresponding to 
the regular gauged SUGRA solution in section 3.2, which is a particular example of our 
general 1/2 BPS chiral-primary solutions ()3.4|) in section 3. 

The metric and 4-form flux of our gauged SUGRA are written in (j3.4ip . It can be 
brought into the form of our general solutions in (|3.4p or ()F.91|) by non-linear coordinate 
transformations. 

By comparing the lid metric components of ()3.4H) and ()F.91|) . we can easily read off 
that: 



2A 2 2 

3 = m r 



1^1/3 cosh^ C = 1 + m-V-2A-^i7-3/5 sin^ 9, y = rr?r'^ sin d (G.52) 



Using ()G.41|) . we can rewrite ()G.43|) in terms of the function p: 



-2m2rsinh2p 
Orp = J (G.53) 
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From the solution in ()3.41|) . the metric of the 4d base space is 

1 



+ e 



-6x-2p 



+ e 



-6x+2p 



~fH-'dP + ^ + cos^ dde'' 

d{cos 6 cos 0) + 2mH^^ cos sin 
(i(cos ^ sin 0) — 2mH~^ cos ^ cos 0cit 



(G.54) 



We will write this in terms of our general solution 



dsl 



cosh^ ( 



{dt + Vf + 



-6A 



Am? cosh C 



e^{dx^ + x^dip^) + dy 



(G.55) 



where x, ip are the polar coordinates in xi, X2 plane and D, x, if) are functions of r, 9, t 
By comparing the metrics ()G.54|) and ()G.55|) . we read off 



dt + V = mdt — 



m r e 



2 cosh^ C 



S2S2 



(G.56) 



where we introduced the notations in this appendix: 

c = cos^, s = sin6', S2 = sin26', c = cos0, s = sin0, S2 = sin20 (G.57) 

To solve D, X, in terms of r, 6, (p, we need to bring the 2d metric of the xi, X2 plane 
to the form: 



-6A 



4m^ cosh^ ( 
1 



e^'idx^ + x^d^^) 



dr' 



Air? cosh C, 



(2m r sin 9dr + m r cos 9d9) 



{{e-^Pc^ + e^Ps^)s^d9^ + H-\^d9'' - S2S2 smh2pd9d(f) + (e-'^'s^ ^ ^ 



1 m^r* rl 



cosh^ C 4ei2^ 



n 2 



-S2S2 sinh 2prf^ - (e-2^s^ + e^^c^yc 



(G 



After solving a set of nonlinear differential equations from ()G.58|) and using ()G.53|) . 
we get the solution of D, x, ip\ 



n 



m r f 



(^) 



2 ' 



X 



e~'^Pco??(j) + e^P sin^ (j)F cos 6*, = arc tan(e^'' tan 0) (G.59) 



where F is a function of r, which satisfies 

2m?rF{r) cosh 2p 



/ 



(G.60) 
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Using ()G.53|) . we see that the solution to ()G.60|) is 



Fir] 



sinh 2p(r = 0) 
\ sinh2p(r) ^ > 



where the numerator sinh2p(r = 0) is a normahzation factor which is related to the 
charge of the solution. 

The expressions for x, ip in flG.59|) can be conveniently written in terms of a complex 
coordinate w va. Xi, X2 plane: 



w = xe*'^ 



(e^'^ cosh p-e"^'^ sinh p)f cos ^ (G.62) 



The solution ()G.59|) to the Toda equation can reduce to the solution ()3.15|) corre- 
sponding to AdSj X in the case p = 0. For 74^5*7 x S*^ we can get its expression from 

2 2 

e^ = w = (l + mV2)cos^e^'^, F = / = 1 + mV^ (G.63) 

1 + m^r^ 

In the case of AdSj x S"^, the region on the xi,X2 plane where the shrinks is a 
perfectly round disk. Outside the disk, the S'^ shrinks instead. The effect of turning on 
the charged scalar p in the gauged SUGRA solution is to deform the perfectly round disk 
to an elliptic disk. In this case, the region on the Xi,X2 plane where the shrinks is 
described by 



x^ 



sin^ + 6^cos^0^ cos^ 6 < (a^ sin^ + 6^cos^0^ = (a sin^ ip + h "^cos^ip^ 



where a = Fe'' \r=o, b = Fe'^ |j.=o • The boundary of this region is an ellipse with 
long-axis a and short-axis h. Since | = e^^*^''"°\ the ellipticity of the ellipse is a function 
of the charge of the solution. The deformation of the round disk to an elliptic disk is 
related to the breaking of the gauge group SO (2) by turning on p in ansatz ()3.36|) . 
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